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Abstract

We study the minimax optimal rates for estimating a range of Integral Probability Metrics
(IPMs) between two unknown probability measures, based on n independent samples from
them. Curiously, we show that estimating the IPM itself between probability measures is not
significantly easier than estimating the probability measures under the IPM. We prove that
the minimax optimal rates for these two problems are multiplicatively equivalent, up to a
loglog(n)/log(n) factor.

1 Introduction

In this note, we study the minimax optimal rates for estimating the Integral Probability Metrics
(IPMs) between probability measures based on samples. IPMs are widely used in both statis-
tics and machine learning, with applications in nonparametric two-sample tests (Sriperumbudur
etal., 2012; Gretton et al., 2012), inferring the transportation cost (the Wasserstein-1 metric) from
one set of samples to another (Sommerfeld and Munk, 2018; Peyré and Cuturi, 2019), and with
more recent appearances in rigorous investigations of the generative adversarial networks (GANs)
(Arjovskyetal., 2017; Liuetal., 2017; Liang, 2018; Singh et al., 2018; Uppal et al., 2019; Binkowski
et al., 2018).

Let y,v be two probability measures supported on Q = [0,1]¢, and dz(u, v) denote a certain
IPM induced by a set of functions F, defined as

druvi=supl [ gap= [ gavl (1.1)
feF

Consider that Xj,... X,, are i.i.d samples from y, and Y7,...,Y, i.i.d from v. We study the minimax

optimal rate for estimating d z (y, v) based on {X;}i" |, { ]}] 1, for some class of probability measures

G of interest

inf sup B[~ dr (1)) (1.2)
Tm,n y,veg
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It turns out that using the empirical measure v,, to estimate is a bad idea when F is complex
enough, regardless of how simple G is. To see this, let’s consider a simple case with F = Lip(1).
In such a case, dr reduces to the Wasserstein-1 metric W ( ). Due to results by Dudley (1969);
Ajtai et al. (1984), even for infinitely smooth G = {Unif(Q)} and d > 3,

sup W (1, %,) = W, v)| < m1 . (1.3)

veg

A natural question arises: can one obtain faster rates, for estimating the IPM with other estimators
T, leveraging certain regularity of G such as smoothness?

A related yet different problem studied in the current literature is estimating a probability
measure under certain IPMs (Sriperumbudur et al., 2012; Weed and Bach, 2017; Liang, 2018;
Singh et al., 2018; Weed and Berthet, 2019), in the following sense

infsupEdz(v,,v) . (1.4)

Vn veG

The two problems are closely related: “estimating the metric itself” is usually an easier problem
than “estimating under the metric.” In fact, the solution of the latter problem p,,, v,, naturally
induces a plug-in answer to the former, since

Eldr (Fim: Vi) = dr (1, V)| S Edr (i p) + Bdp (Vi v)

However, it is unclear whether such a plug-in estimator is optimal. In fact, it is well-known that
estimating specific functional of density F(v) is usually strictly easier than estimating the density
v itself. For example, in estimating quadratic functionals of a smooth density vs. estimating
under the quadratic functionals, the plug-in approach is strictly sub-optimal, where the rates can
be much-improved (Bickel and Ritov, 1988; Donoho and Nussbaum, 1990; Fan, 1991). In recent
practical applications such as GANs, one is curious to understand if evaluating and inferring
how well we do in terms of learning the probability measure, could be simpler than learning the
measure itself (Lucic et al., 2018; Liang and Stokes, 2018).

In this paper, however, we prove that “estimating the IPMs,” is not significantly easier than
“estimating under the IPMs,” for a wide range of measures and metrics. Specifically, the plug-in
approach is minimax optimal up to a loglog(rn)/log(n) factor

loglog(n A m) P =
——=>—— . (nAm) ¥ <Zinf sup E|T,,,—dzr (4 V)|
log(n/\ m) ( ’Tm,n ]/M/Ggﬁ m’n ]:7/ l/l
_ By
S,vln,f; sup IEM};,(Fm:Vn)_d}'y(ﬂ:V)'5(7/1/\7”) b+,
K Vi ’,[,vegﬁ

Here Gg contains probability measures with densities in the Holder space with smoothness €
R, and the IPMs are induced by 7, the Holder space with smoothness y € Ry, with y <d/2.
Note that when y > d/2, the parametric rate n~/? is attainable. The result informs us that (1)
seeking for other forms of estimators for dz (y,v) would only improve the rates logarithmically,
and (2) estimating the IPM between two measures is fundamentally just as hard as estimating the

measure under the IPM.



1.1 Preliminaries

We introduce the notations used in the paper. For a function f : R? - Rand p > 1, ||f||Lp denotes
the L, norm w.r.t. the Lebesgue measure. For a finite dimensional vector 6 and q > 1, ||9||q is the
vector L, norm, and ||| is the L, norm. For an integer K, [K]:={0,1,..., K- 1}.

Let CP := ClPIB-LA] to be Holder space with smoothness > 0.

a _Na
={f:Q > R: max sup|D®f|+ max sup D%/ (0 - D)l < oo (1.5)
lal<LB] xe lal=1Blxpe X —pllPLA]

where a = [ay,...,a,] € N4 ranges over multi-indices, and |a| := Zle a;. We only consider the
bounded case with Q = [0,1]4.
Define the forward difference operator, given a function f : Q — R, for every h € RY

Apf(x) = f(x+h)- f(x),
AT (x) := Ap(A f(x)), m > 2.

Let1 <p,q<coand f >0, the Besov-Lipschitz space semi-norm |- ||;3,3,p is defined in the following
q

way (Leoni, 2017, Chapter 17, Proposition 17.21).

o q 1/q
e :=[Z[<zf>ﬂ sup |Aw“f||L]] . (1.6)

perA N SV

Wavelets are used to provide an equivalent characterization of the Besov spaces, if the basis
{hix,j€eIN,0 <k < 2/} satisfies certain regularity conditions (Hzrdle et al., 2012, Chapter 9, The-
orem 9.2). For function f(x) = Z]ﬁo 2 k<24j Ojihjr(x), define the Besov space norm in terms of the
wavelet coefficients (Weed and Berthet, 2019)

(o)

1/q
||f||B;;,p = [Z((zj)ﬁ(zjd)é‘fz||9]._||p)‘7] ) (1.7)

j=0

In this paper, we assume such regularity conditions throughout so that the Besov space norms
-1 g and || - ||B/3p are equivalent. We refer the readers to (Weed and Berthet, 2019, Appendix C)

and (Cohen 2003, Chapter 2.12) for details on the regularity conditions that we assume on the
wavelets.

Besov spaces subsume Holder spaces as special cases (p = g = o), in the following sense (Tri-
bel, 1980; Donoho et al., 1996; Hardle et al., 2012): under regularity conditions, the following
equivalence holds between the Besov space and Holder space

BE® = CP for p & N.

In particular, when g =1, BE™ is called the Zygmund space, which contains the Lipschitz space
B&™ 2 Lip 2B,
Now we are ready to formally state the parameter spaces, and the IPMs to study.



Parameter Spaces. For some M > 0, the class of probability measures of interest is

= _ ¢ ghe
G := {y : Ldﬂ—l,ptZO, -~ €By (M)} : (1.8)
with
B (M) = {f ¢ IIf g <M} .

Again, for non-integer 8, we are considering densities that are Holder smooth.

Integral Probability Metric. The class of IPMs considered is induced by the Besov space, for
some ¥ >0

F,=BL7(1),
ds o) =sup! [ fp- [ favl. (1.9
fex,

As a special case for the IPMs, the Wasserstein-1 metric (for measures supported on bounded ())
is

W(p,v):= sup |dep¢ jfdvI (1.10)

feLip(1

2 Optimal Rates for Estimating IPMs

Theorem 2.1 (Minimax Rate). Consider the domain Q = [0,1]%. Given m i.i.d. samples Xy,...,X,,
from y, and ni.i.d. samples Yy,...,Y, from v, the minimax optimal rate for estimating d}jy(,u,v) satisfies

logl _Br _Br
OB OB\ iy < inf sup EITy,—ds (1) S (0 A ) (2.1)

T W VEg,;

log(n A m)

Here p, v lie in Gg, p € Ry as in (1.8) whose densities are f-Holder smooth. The function class F,,y €
R for the metric is defined in (1.9), with y <d/2.

Remark. Here the p quantifies the regularity of the measures, and y quantifies the regularity of
the metrics.

A few remarks are in order. First, we emphasize that the main technicality is in deriving the
lower bound. We construct two composite/fuzzy hypotheses using delicate priors with matching
log(n A m) moments. However, the IPMs to estimate differs sufficiently under the null vs. the alter-
native. Then we calculate the Total Variation (TV) metric directly on the posterior of data samples
defined by the composite hypothesis, using some telescoping techniques involving sum-products.
The transparent technique could be of independent interest in handling TV-type calculations in
proving lower bounds. Second, as a direct corollary, the following extension holds true. Suppose
p € Gp and v € Gy, then define f:= B1 A B,

logl A _ By ~ _ B

loglog(r A m) “(n Am) 7 <inf  su E|T,—dzg (1, v)| 3 (n Am) z
1 y 1I P m,n F U

Og(n m) Tm,n [legﬁl ;Vegﬁz



Third, the y < d/2 condition is effectively equivalent to that 7, is beyond the Donsker’s class.
This is the complex regime since within the Donsker’s class y > d/2, the parametric rate n~/2 is
attainable (Gretton et al., 2012; Liang, 2018; Singh et al., 2018). Finally, we would like to remark
that for the special case f = 0 and y = 1, Niles-Weed and Rigollet (2019) independently obtains a
lower bound with a similar logarithmic factor gap, using a distinct approach. Admittedly, their
logarithmic factor is better than ours. We note that closing the log n gap is an interesting question

for future work.

2.1 Proof of the Lower Bound

Without the loss of generality, consider the case when m > n. The lower bound construction is
divided into six logical steps, for better organization. We make use of multi-resolution analysis in
the construction.

Step 1: reduction to Besov space semi-norm. For any p > 1, define p, > 1 such that 1/p, +
1/p = 1. For simplicity, define Radon-Nikodym derivative of measure y w.r.t. the Lebesgue
measure as p,(x) := dp/dx. Define explicitly the wavelet coefficients fjx := (f,hj), and uj :=
(dp/dx, hjr), vjk := (dv/dx, hj;). Under such notations, the integral probability metric reduces to
the following

dgur)i= sup | [ gap- [ rav

feBVp

24i_1

= sup ZZf]k Ujk = Vji)|

feByP(1) 750 k=0

= sup |Z||f]||p|lu Villp,|

fEB ( j=0

dinl+li_1 —dj\h+i-1
= sup |) @ISl - (27) T2 ug — v, |
feB?(1) j>0
1/q 1/qx
S Yl 1 q g rgl 1 G«
O B D i R

=0 720

Take p = g = oo (in this case p, = g, = 1), we know that the IPM can be regarded as a type of Besov
space semi-norm

24j_1

—divt4l
dr (wv)=) (27T ) Juj—vy
k=0

>0

Step 2: composite hypothesis and prior construction. Next we are going to construct two priors
on v such that the difference

IEd 5] _IEd 5]
|v~7>0 7 (1) E 7 (pv)l



is large, while at the same time one can not distinguish the following two distributions

]_[pv

Here Py, P, are two prior distributions on v which we will construct. Consider y to be the same
distribution under the null Hy and the alternative H;. Set two values K, t to be used in the con-
struction

p (Yll Pl Yl! Y, ): E (22)

~p0

1
Kxin, Tx<1. (2.3)
loglogn
The choice will be apparent in the latter part of the proof. The following prior construction is
inspired by Lepski et al. (1999), where they study the estimation of functionals under the Gaussian
white noise model. This prior was also used in Cai and Low (2011) for studying non-smooth

functional estimation in Gaussian sequence models.

Proposition 2.2 (Lepski et al. (1999), Proposition 4.2). For any given positive integer K and T € Ry,
there exist two symmetric probability measures qy and q, on [T, 7] such that

T T
J t’qo(dt):f thg(dt), 1=0,1,...,2K, (2.4)
j |t|q1<dt>—j Itlgo(dt) = 2xc- K\, (2.5)

where x is some universal constant that does not depend on K, .
Now let’s construct Py and P, as follows. Take u ~ Unif([0,1]¢). Choose J € IN such that

24 < nT20 | first we embed a parametrized class of densities into gp

d 2491
y
d—x" = Z Oy (x) (2.6)

with each 0y € [-7, 7] for all k. Now we show that the construction lies inside the space of interest,
i.e., vg € Gg. First observe that for the wavelet basis that satisfy the regularity condition fQ hjdp =

0, we have IQ dvg =1 and ||dvg/dx|l;_ > 1-V24/n > 0. Hence vy is a valid probability measure.
Let’s then verify that the density p,, € B%™ lies in the Besov space, since

Pl
Lol < D), vk (2.7)
\/_

For any y > 0, it is then easy to verify via Step 1 that

2411

ds (o ve) = (2= Y |y

=2 T — ) |6l (2.8)



Making use of the probability measures gy and g; on [-7,7] claimed by Proposition 2.2, we
define a collection of measures

So:={vg:0r~qpi.id.foreach k € [29]).
Then P, can be viewed as an uniform prior over this set Sy. Similar construction holds for P; via

q1-

Step 3: polynomials and matching moments. For the lower bound construction, we consider
a subset of the wavelet family with disjoint support. Remark that due to the localization of the
support, i.e., hj(x)hj(x) = 0 for k # k’, we have the equivalent expression as in (2.6)

241

dv _

d—xe = ]_[(1+9kn Y2p(x)) (2.9)
k=0

Use 0 ~ qg’zd] to denote that ) ~ g i.i.d. for all k € [2%], we know

YI 4
Po(Y1 W,I_[p@
2411 n

[ ] [+ 2muvi)y by (2.9)

k=0 i=1
24] n

:]_[ E ]_[(1+6k”_1/2h1k(yi)) : (2.10)

k=1 00 4

n 291

H I_[ (1+ 0k hyi(Y;))

6~q0 i=1 k=0
®2 dJ
Remark that we can not further interchange the ordering of g, and [}, .

Let’s introduce the polynomial f (6y;hjx(Y1),..., hjk(Yy)) in Ok (and hj(Y;)) with degree at most
n appearing in the above expression, which will be used extensively in the next step,

n
(V)
fOk (Y0, () = | +ekf—n’> (2.11)
i=1
91 Zzl< <z,h1k( 11 h]k Y1; ;Y)
B Z nl/2 Z 2
=0

Here H](Q(Yl, ..., Y,)is asum of monomials of order [, i.e., (?) terms with each of the form hy(Y; )... by (Y;).

Denote f[=K], f[>K] to be the corresponding truncated polynomial according to the degree. In this
convenient notation, we know

po(Yin Y= [ | E fOuh(YD), (Y (2.12)
ke[zd/]QquO

Later, we shall use the following properties of the polynomial f of degree at most n,

VO, L@ fOhp(v1),-- bk (vu))dyy - dy, = 1 . (2.13)



And the following property according to gy and q; constructed in Proposition 2.2: Vy,...,y,

QIEq FO 1), (V) —QIEq FO 1), (V)

:J-[ ]f[>2K](9k;h”‘(y1)""’h]k(yn))(%—qO)(de) .

The above explains the intuition on why we construct matching moments up to degree 2K in our
lower bound.

Step 4: total variation, telescoping and the sum-product trick. When there is no confusion, we
use f(Ok; hj(y®")) to abbreviate f(Ox;hyx(v1),..., hjx(vy))- Recall ( ), we have

1
TV(p1,po) = 5L® P11, ) = Po@1s - V)| A . dpy

JQ@?[

We claim that the following telescoping Lemma holds. The proof can be seen clearly through
writing the left hand side as a telescoping sum and using the triangle inequality.

l_[ E f(Ok;h(v®") ]_[ E f(O:h@®)|dy; ...dy,.

€241 Ok~ ke[24]] Ok~1qo

Proposition 2.3 (Telescoping). For N € IN,N > 2, and a;,b; > 0,1 <i <N,
L] o | ] ol ) daibil- [ | oo | ] o - (2.14)
ke[1,N] ke[1,N] i€[1,N] ke[1,i) ke(i,N]

To make use of the above Lemma, define

ap(h 1), hye(wn) = IEq f(Ok; by (v®™)) (2.15)
b(hpe@1), - by (vn) = IEq (O by (v®™)) (2.16)

Using the the above telescoping proposition, we claim

V(p1,po) < Z J|ak_bk| by H aprdy; ...dy,
Kelok) kel

ke[297] cth2-1]
" e B ol b)) = bilhy(Yi), oo By
ke[2]] Op~qo k' €[0k) Vi Yyve,

Or~q1,k"e(k,241-1]
(2.17)

The reasoning behind the last line is as follows. Firstly, we need to define a tilted measure vg |
without the influence of the k-the coordinate 6y,

dVQ 1
Pry ()= — =14 Z O Iy (x H (1+Tek,h,k,(x)) . (2.18)
=k K=k n
O<k <2411 0<k’<2%-1



From the properties established in Step 3, one can verify that

n
1
E 14+ —01hy )
kaqoke[ok ]_[pv"ky’ Or~qo,k €[0,k) H ]D( ( N (i)

i=1 i=1
Or~q1 k" €(k, 29 1] Opr~g1 ke (k2 1] o o par_y

= E 1+ —9 h i
Or ~q0,k’€[0,k) H ]_[( K i ))

k'#k =1
Orr~q1,k"€(k, 2 - 1]0<k’<2d7 1
= I_I bk/ l_l ayr . (2.19)
k’el0,k)  k”e(k,297-1]

Now we have proved (2.17), since by using Fubini’s theorem,

J|ak_bk| I_[ by l_l agrdyy...dyy,

kel0k)  kre(k,241-1]

= E h h b.(h h y 1d d )
00 ~aelon) Jlak 1k @1+ (@) = bic(hyre (1) By () I!_l[p o W)y . dy,

9k"~q1 ke (k 2dl 1]

Let’s analyze the term

E la(hp(Y1),. . hyie(Yi) = bic (B (Y1), o By (Y))

Yo Yn"'vﬁ,k

where Yy,... Y, are i.i.d. sampled from a measure vg . We emphasize that vy, agrees with the
uniform measure p on the domain associated with hj(x). Due to the separation of support for the
wavelet basis, we know that the random variables

hy(Y;)

are only determined by vy , restricted to the domain of hj,. Equivalently, the distributions of
hji(Y)’s are the same when Y ~vg  and Y ~ p. Hence for Y;,..., Y, ~vg_,

E  lax(hpe(Yr),. . hyp(Ye) = bic(Byi (Y1), o By (Y))
Yl""’YnNVH,k

=, 11% Mlak(h]k(yl)l---’h]k(Yn))_bk(h]k(Yl)x---:h]k(Ynm-
1reerdy™

Now one can directly bound the TV metric between the complex sum-product distribution py and
p1 defined in ( )

2471
2TV(p1,po) < Z E  lag(hp(Y1),-. . by (Yy) = b (hpe(Yr), .. by (Yo))l
=0 Y1, Y ~p
2411
=Y [, E SOk B O dyrdys (220
e Ok~ Ox~qo




Step 5: £, bound. In this section, we are going to bound, for a fixed k, the following expression
using the properties of the q; and gy constructed with matching moments up to 2K (claimed by

Proposition 2.2),

First, observe the ¢, bound

E f(Ohi(y®)- E f(Gk;h]k(y®"))|dy1...dyn.
Ok~ Or~q0

1/2
flgl ~gldp < U(gl —gz)zdﬂ) : (2.21)
Let’s bound the ¢, norm, which takes the form
2

J( E f(Ohi(y®") - E f(9k;h1k(y®”))) dyy...dyy, (2.22)

Ox~q Ok~qo
= o, ff (O3 b ("N f (O (v¥®")dy®" + B . jf(w;h/k(ym))f (@3 by (y®"))dy®"

,0'~q, w,w’~q,

2, B FOGT N @iy

0~q1,w~qo

Note now each f(0;h(v®"))f(0"; hy(y®")) for fixed 6,0’ takes the following product form

n

h Y; h? (Yz)
f<9;h]k<y®">>f<6';h]k@@”))=]_[[1+<6+9'> fi(r ). 002 ]

i=1 " "
and
h? (y)dy )"
| rtesme sy nay = |1+ ee'j’k—n“)]
n
:(1+99’1) .
n
Therefore we have for ( )
1\" 1\" 1\"
( )= E (1+96'—) + E (1+a)w'—) -2 F (1+9w—)
0,0'~q, n w,w'~qo n 0~q1,w~qo n
S (31)
- Z( E [(00)"]+ E [(0o)?]-2 E [(ew)”])?—;l
= 0,0'~q, w,w’'~q 0~q,,w~qo n
[n/2] 2 2 (n)
— Z (IE[GZI]) +(1E[92l]) _2IE[92111E[621] 2_211
=1 1 q0 O 90 n
Recall the crucial property that for all I < K, we know
2 2
E [67]= E [0”] = (IE[G”]) +(1E[62l]) ~2E[0*]E[6*]=0 (2.23)
0~q1 0~qo 9 do 9 9o

10



therefore the above summation equals

/2] . 2 y ) } ) (znl)
0= 1 [(mon) (o] -2potigon i
[n/2] ul
Sl:;rtl4T W
4K

3 4(27)! exp(t?) .

Assemble the two bounds, we have

e f@itn™= B f@huty™))|dyi...dy,
Or~q, 6k~q0
2K A
<2 exp(t*/2
R p(t°/2)
Step 6: combine all pieces. Now continuing ( ), we have
241
2TV(prpo) < ) B k(Y1) by Y) =BV By )
k:() 1reeer n~
2471
=Y B fOshi# - B feheso) dys .. dy,
k=0 O~ 0c~90
dJ T2K ( 4/ ( 1 1
<29 .2——exp(7t7/2) S exp(clogn—KlogK) .
bk ) S exp(clog gK)

Recall 7 < 1 and that 24/ = n¢. Therefore by taking K = %lolc;l%)gn' we know

2TV(p1,po) < eXp(—% logn) < n™/2.

By the construction of the composite hypothesis, we have

E dz(kve)— E_dg (1 ve)l
~ vo~Py

|
ve~Po

B+y 1 1
=27 .| E a7 Okl| - E a7 |6k
vg~Po | 2 J ke[g;]] vo~Py | 2 J kE[ZIZ‘”]
_ by
=n -\ E [|0]] - E [|6]]
0~qo 0~q:

> n_ffm 2xkK < n_ff% loglog(n)
log(n)

11

(2.24)

(2.25)

(2.26)



Denote D,, to be the collection of data (Yy,---,Y,), which is drawn from the distribution Pr(y®"|0) :=

[TiZ; Py, (). For any functional of 6, and for any estimator based on 7-i.i.d. samples, we know

sup E |T,—F(6)> E E |T,, — F(O)|

vo Dy~Pr(y®'|6) 0~Qy D,~Pr(y®'|6)
> E E |T,— E F(0)|-dg,
0~QuD,~Pr(y>10)  0~Qo

where 6¢, := Eg~q, | Eg~q, F(0) — F(0)|. Here Q is some prior distribution on 6. Repeat the same
argument for Q;, and by Le Cam’s argument on two composite hypothesis

A 1 ; ; 99, * 99,
supE|T,,-F(O)>=| E E |T,,— E FO)|+ E E |T,— E FO)|-——=
Vo 6~Qo D,~Pr(vy®"|0) 6~Qp 6~Q, D,~Pr(y®"|0) 0~Q, 2

1 . 00, +0
:—( E |T,- E FO)+ E [T, E FO) S
2 DHNPO 6~Q Dn"’pl 9~Q1 2
[Eg~ 0)—-Eg-~ 0 00, +0
> [Eo-0, )4 o~ F )l(PO(T:1)+P1(T:0))——Q°2 =
|IEg~0, F(0)—Eg-o, F(O)] 00, +0
> Qo 7 Q fpo(yéan)/\pl(y@n)dy@n_ Q02 Q
|Eg-o, F(0)—Eg-o, F(O)] 0p. +0
= R A (L= dry (po, 1))~
where the posterior distribution p;(y IPr (v®"6)Q;(d0), for i = 0,1. Here the test T = 1 if and
only if T, is closer to Eo-~q, F(0). In our case,
F(0) :=d, (1, v9) = (279 d, Y 1o
ke[24]]
hence we know
| B F©O)- E FOI=| E dr(uve)~ E_dr (o)l
6~Q 6~Q; ve~TPo ve~P1
. n_zﬁfm _loglog(n)
log(n)
L=dry(po,p1) 2 1-n"? by (2.26)
09, + 99, Sn_% 1 < n_ztg]d.loglog(n)
2 V241 log(n)
Therefore we have
sy logl
1nfsup]E|T —d (V) 20 loglog(n) - (2.27)

y, veCPh log(n)

2.2 Proof of the Upper Bound

The upper bound can be obtained through similar derivations as in Liang (2018); Singh et al.
(2018); Weed and Berthet (2019); Singh and Pdczos (2018). We include here for completeness.

12



The estimator is of the plug-in form, with
dg (Hm Vn) :=sup| | fdjy, - J‘denl (2.28)
fer

where 11,,,, and v, are smoothed empirical measures based on truncation on Wavelets. It is clear
that

s 7)) < supl [ S = [ faplesupl [ ga7- [ ranl (229)
fer, fer,

Now let’s bound SUPfer, |de7n - devl via expanding under the Wavelet basis. Denote
E[hjk] :=1/n}I_; hjx(Y;), the smoothed empirical estimate V,, is defined as

24i—1

dv”' ZZIE highi(x) (2.30)

j=0 k=0

with | to be specified later. Expand f(x) Z]>0 sz] 1f]kh]k , we have

sup! [ fd7,~ [ favi< sup || g7~ [ rav

fer feBL™(1)
24i_1 24i-1

= sup |Z Zf]k hik] ]E[h]k]|+fsup ZZf]kIE hil

eBLT(1) 720 k=0 eBL™(1) 757 k=0

For the first term, since f € BL™ (1) = Vj, k, ikl < (2-4iyita

J 24i-1 2dj_q
E sup | ) ful®lhje]-El)) |<Z yaes Znama[h]k]— i
feBL™(1) 750 k=0 j=0
] 24i-1
<) ()5 Y (EIElhu] - Bl ®)?  since VE[Z] > E[VZ] for Z > 0
j>0 k=0
<Y (279 §+§2d1 L pdnyi-4
PZO NG

for d > 2y. Here the last inequality follows since IEIﬁ:Z[h]-k] - IE[h]-k]I2 < ]E[h]zk]/n = 22dj(1/2-172) /1y <
1/n due to Appendix C in Weed and Berthet (2019).
For the second term, recall Ey., [hjx(Y)] = (dv/dx, hj;) =: vj;. Due to the fact that

=

+

dv/dx € BE™ = Vj,k, vl < (27%)
feBR® =Yk |ful < (27Y)

(2.31)
(2.32)

D= Nf=

U

+
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24i—1 24i—1

E sup |Z Zf]kIE[h]k |=1E sup IZ Zf]kvjk|

feBs™ 57 k feBS™ 5T k

24i-1

<Y Y @it

> k=0
<)y

Balancing the two terms, we have

— 1 B+
supEsup| | fdv, - devl < ()i 4 24 (2.33)
veGg  feF, \ﬁ;
,M . d] 1
=n 2+, with 29 < n2/&1 (2.34)

Put everything together, we know

Bty

Eld s, (o, ) = o (1, V)] < (. A ) 554, (2.35)
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