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Abstract

N-of-1 experiments, where a unit serves as its own control and treatment in different time
windows, have been used in certain medical contexts for decades. However, due to effects that
accumulate over long time windows and interventions that have complex evolution, a lack of
robust inference tools has limited the widespread applicability of such N-of-1 designs. This
work combines techniques from experiment design in causal inference and system identification
from control theory to provide such an inference framework. We derive a model of the dynamic
interference effect that arises in linear time-invariant dynamical systems. We show that a family
of causal estimands analogous to those studied in potential outcomes are estimable via a standard
estimator derived from the method of moments. We derive formulae for higher moments of
this estimator and describe conditions under which N-of-1 designs may provide faster ways to
estimate the effects of interventions in dynamical systems. We also provide conditions under
which our estimator is asymptotically normal and derive valid confidence intervals for this
setting.
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1 Introduction

Randomized experiments are arguably the most important contribution of twentieth-century statistics, pro-
viding a program to establish the value of interventions to populations of individuals. By randomly assigning
individuals to treatment and control, statistical analysis can simultaneously determine the magnitude of in-
tervention effects and eliminate confounding explanations. However, a significant drawback of randomized
experiments is that they yield conclusions about populations rather than individuals. When treatments
present heterogeneous effects, a randomized experiment cannot inform individuals whether a treatment can
work for them.

Is it possible to design experiments for individuals? N-of-1 trials attempt to solve this problem by
having individuals apply randomized treatments in different time windows. The individual becomes the
treatment and the control. N-of-1 trials are within-patient randomized controlled trials, where the treatment
is randomized at every time period, with the subject potentially crossing over between treatment and control
at each phase.

In medicine, the formalized N-of-1 trial is nearly as old as the randomized clinical trial itself. In 1950, only
a few years after the famous randomized trials of Streptomycin, Quin and colleagues performed randomized
within subject trials of an arthritis reduction agent where patients received a random treatment at multiple
doctor visits [19]. D. D. Reid explained Latin Square designs for N-of-1 trials and explored these for testing



the effectiveness of laxatives [21] and arthritis ointments [20]. Snell and Armitage tested heroin as a cough
suppressant with N-of-1 designs [26]. Bradford Hill even devotes a lengthy part of the Clinical Trials chapter
(pages 260-263) in his Principles of Medical Statistics to the design of N-of-1 trials [10].

Since the 1950s, though never a dominant experimental design, N-of-1 trials have continued to find
application. Louis et al. reported 28 self-controlled studies in the New England Journal of Medicine in 1978
and 1979 [13]. Guyatt et al. argued for using N-of-1 trials as part of general clinical practice with patients,
helping individuals find the best treatment for them [8]. N-of-1 trials have been recently used successfully
to test the side effects of statin treatments [30].

In the online experimentation community, N-of-1 experiments are often called switchback or interleaving
designs. Netflix and LinkedIn use N-of-1 designs to test the time-varying effects of their recommendation and
matching algorithms. For example, [3] reports interleaving online experiments where a client is randomly
exposed to different app experiences for 30-minute intervals. N-of-1 designs have the potential to be tailored
to personalized experiments to improve the experience of individual customers. Moreover, N-of-1 designs
enable data scientists to mitigate interference effects from multiple AB tests running concurrently [27].

If the effect is immediate and transient, standard tools from randomized experiments can be used to
estimate its magnitude and significance in N-of-1 trials. However, when the effect of an intervention persists
over time, it becomes challenging to draw proper inferences. Though recent estimators have attempted
otherwise, most N-of-1 designs try to reduce the problem to a randomized experiment where each time
period is independent. In such a case, the treatment must take effect and cease rapidly. These designs also
must assume an individual’s baseline is roughly constant. For these reasons, N-of-1 designs have primarily
focused on chronic conditions treatable by acute medications.

Can we do better? In this work, we aim to combine techniques from experiment design in causal
inference with system identification from control theory to provide a general inference framework for N-of-1
experiments. In what follows, we describe the foundational pillars of our framework and a view of how
they might be combined for inferring effects in N-of-1 experiments. We then present a formal interference
model for temporal effects drawn from the literature on dynamical systems. We define a family of estimands
of causal effects of these models and then present a reasonable, unbiased estimator for this family. We
demonstrate that this estimator is asymptotically normal and provide a plug-in estimator for its variance.
Together, these enable the construction of valid confidence intervals. Along the way, we discuss the inferential
challenges of this framework and why our approach, though more general than previous methods, remains
limited.

1.1 Foundational Related Work

Our work draws and expands upon the literature on causal inference and system identification. In this
section, we elaborate on the background and how we will attempt to reconcile these two different lines of
research.

Causal inference The potential outcomes framework [15, 22] offers a systematic and rigorous approach
to studying causal relationships in experimental and observational studies. In the simplest setting, a unit ¢
has two potential outcomes under an intervention (also called a treatment). The observed outcome of unit i
is denoted by y;, and we distinguish the outcome under no treatment as y;(0) and under treatment as y;(1).
If we let x; denote the binary indicator equal to 1 when treatment is applied and 0 when treatment is not
applied, then we have the expression

yi = yi(1) -2 +3:(0) - (1 - 2)

This formula holds regardless of whether y; are real-valued or binary outcomes.

Though this formula looks like it is tautological, it makes some hidden assumptions. In particular,
this model assumes that the treatment applied to unit ¢ only impacts unit 4. This is called the Stable Unit
Treatment Values Assumption (SUTVA). This assumption does not hold for within-unit trials. If a treatment



is applied in succession to a unit, care must be taken to ensure that the previous treatment does not influence
the outcomes of future treatments.

When the z; can be intentionally assigned, random assignment enables estimation of the average outcome
under treatment and control. That is, if we are interested in estimating the quantity

yi(1) —v:(0)

Ti=1
n

E

=1

we can do an experiment where x; is assigned at random and then estimate 7 from the observed outcomes.
Assume, for simplicity, that the x; are assigned as independent Bernoulli coin flips. Denote the centered
treatment variable z; = 2x; — 1 € {£1}. Then the Horvitz-Thompson estimator Ty

n

— 2

THT = >z
i=1

is an unbiased estimator of the average treatment effect. When SUTVA applies, inference about the sig-
nificance of causal effects is also elegant. Tyt is asymptotically normal, and confidence intervals can be
constructed using upper bounds on the variance of Ty (see, for example, [11]).

Beyond SUTVA For causal questions about time series data, SUTVA rarely applies [25, 7]. Suppose
now that each unit is indexed by time. Suppose we have a sequence of interventions at each time xq,
To,...,zr. Even if these interventions are binary-valued, the outcome at time ¢, y; could potentially depend
on all of the outcomes that have occurred before time t. Namely, y; is potentially a function of z1,...,x;.
We could represent y; then as a sum over all possible interactions. That is,

Y = Z at,S-Hzi , (1.1)

5:5¢{0,1,...,t} ieS

where again, z; = 2x; — 1. The standard Potential Outcomes framework is the special case when the coef-
ficients oy, g = 0 for all S # @ or {t}. This basis expansion is fully general as it is the Fourier expansion of
ye(xo,x1,...,2¢) [16]. But the expansion has a number of terms that grows exponentially with ¢, preventing
any meaningful statistical analysis.

Since a full representation is intractable, more restricted interactions have been studied. The Granger-
Sims causality framework [7, 25, 1] tests correlations in x’s that can explain y. For example, in its simplest
form, Granger Sims studies how well linear expansions of the form

Yt =0y + 00 Tt + Q1 Ti-1+ ...+ Q2o+ €ITOT

predict outcomes. Granger causality assumes time-invariance to provide practically useful answers to un-
derstand when time series can predict each other.

In this paper, we study this time-invariant model, under the assumption that the x; are chosen inter-
ventionally as part of an experiment.

System identification In control theory, modeling the input-output behavior of a dynamical system is
a first step in designing a feedback policy. Such dynamical systems are assumed to obey dynamical equations
of the form

see1 = fe(se, xe,60), ye = he(Se,24,64) -

x; in this context is a controllable input to the dynamical system. y; is the measured output and &; is an
exogenous noise process. s; is the state of the dynamical system. The state is the variable that makes future
outputs conditionally independent of past outputs.

The goal in system identification is to find appropriate estimates of the function f; and h; so that inputs
¢ can be planned to steer y; to desired values.



Just as we have described above, the identification problem is only tractable if the class of models for f;
and h; is simple enough. Several reduced model classes are useful for representing dynamical systems. One
of the most fundamental models assumes that the functions f; and h, are linear (but might vary over time).
In such a case, we can write the input-output map as

Yt = Z Girzr + e
k<t

where Gy, are scalars and e; are linear functions of the g, variables and si.
Under a further restriction, we can assume the system is linear and time-invariant so that f; = f and
ht = h for all ¢. In this case, y; can be written as a linear convolution of z; and a sequence gy:

Yt = Z Jt-kTk + €.
kst
This model is the same as the 1-step Granger Causality model described in the previous section.

Identifying linear time-invariant systems has a rich literature (see the textbook by Ljung [12]). Impor-
tantly, the choice of zj matters as this input design must make all gi of interest identifiable. The most
popular choice in theory and practice chooses x; to be an i.i.d. sequence of zero mean random variables. In
practice, it suffices that these variables take on two values, such as 1 and -1 [14, 29, 17]. When restricted
to such signed inputs, the linear system identification problem looks like a Potential Outcomes estimation
problem under a linear interference model.

Though there is extensive literature on system identification, only recently have researchers determined
statistical error rates for the estimation of the sequence gr from a single input sequence xy. There are
numerous reasons for this. First, since system identification of engineered systems is typically done in a
controlled setting, sample complexity is not typically a constraint on engineers. Second, the statistical
methods for system identification lean on random matrix results that have only been recently derived.

The analysis of Oymak and Ozay [18] shows that the parameters g; can be estimated via least squares
when z; and e; are zero-mean Gaussian random variables and s; = 0. They further assume that g obeys a
decay condition that |gx| < Ca® for a constant C' and a < 1. They show that the rate of error in the estimate
Ji satisfies

é gk — Gx|* = O(W)

where T is the number of observed samples.

Later work by Simchowitz et al. [24] removed the dependence on a in exchange for another property of
g called phase rank, but some restriction on the form of g is always required to estimate g. Similarly, work
by Bakshi et al. [2] provides tighter bounds on this estimation error, but assumes the error signal is random
and the input signal is zero mean. Moreover, the current system identification literature does not provide
provable means of data-driven uncertainty quantification, a crucial component of causal inference.

A synthesis of causal inference and system identification The work in this paper builds on
these three pillars to synthesize an inference framework for N-of-1 experiments. First, as we develop in the
next section, we focus on the linear time-invariant outcome model studied in Granger-Sims causality, and in
linear system identification

t
Yt = Z TsGt-s T €t - (1.2)
s=0

This model generalizes the Neyman-Rubin framework to allow for a particular functional form of linear
interference that is inspired by linear dynamical systems. In the next section, we develop a generalization of
the Horvitz-Thompson estimator for linear estimands of the form

7(q) =(9,9) -



In the case that ¢ is the first standard basis vector, the generalized estimator will precisely be the Horvitz-
Thompson estimator.

Unlike in the Granger-Sims and linear system identification frameworks, we do not assume the error
signal e; is random in (1.2). We will focus on estimating various linear functionals of the coefficients g € R
Focusing on linear estimands rather than the coefficients themselves should simplify the problem. We note,
however, that results for this simplification cannot be derived from the prior art.

Additionally, in this work, we are interested in estimating g; when e; is a non-random signal. Simchowitz
et al. [24] were the first to study estimation of g when e; was non-random, and estimation under non-
random conditions has been used in the study of online control [9]. However, none of these works provided
specific forms of the error, nor did they quantify the variance sufficiently accurately for the construction of
asymptotically-sharp confidence intervals.

However, the explicit form of the error is not provided. There are several practically relevant situations
where such non-random noise arises. For instance, suppose we restrict our attention to input sequences that
are constrained to be nonnegative. This departs from the zero-mean inputs in Granger-Sims and system
identification. Non-zero-mean inputs can be modeled as zero-mean inputs plus a new, non-random error
term.

Unlike system identification, our work is interested in estimating confidence intervals on linear functionals
of g, from finite experiments. None of the prior work has investigated such uncertainty quantification. In
particular, we derive novel asymptotic normality guarantees for our estimator, which is closely related to the
least-squares estimator of Oymak and Ozay [18] and the method-of-moments estimator of Bakshi et al. [2].
The proof of asymptotic normality is more delicate than what is typical of Horvitz-Thompson estimators.
In particular, the asymptotic normality requires an intricate calculation balancing of eighth moments of the
intervention variables.

Finally, we close this discussion with a discussion of recent complementary work in the context of online
experiments. Bojinov et al. explored experiments on time series using the potential outcome framework for
switchback experiments [4]. There, the authors consider a general time-varying outcome model with only
short-term dependence on the experiment variable. Their experimental estimand focuses on average short-
term effects, whereas our estimand considers any linear functional of the long-term response. The salient
distinction from the present work is the focus on general, short-term effects versus linear, long-term effects.
In this way, our papers complement each other and point to the potential of a general framework that can
effectively handle general, long-term interference effects in N-of-1 trials.

2 Convolutions

The outcomes in linear time-invariant models can be represented as a convolution between an intervention
sequence and a parameter vector known as an impulse response. Before expanding on our statistical theory,
we first review the basic notation and theory of convolution. This notation will simplify many of the formulas,
and eliminate the need to track subscripts.

Let u; and vy be two signals with indices in the nonnegative integers. The convolution of u; and v, is
the signal

t
(’LL * v)t = Z UsVt-s
s=0

Note how this expression allows us to compactly rewrite the models of Granger-Sims causality and LTI
systems.
Convolution is commutative (u * v = v * u) and linear. We can write the operator that takes v to u * v
in matrix form
u*v="T,v



where 7T, is the Toeplitz matrix

Ug 0 0 0 ... O

Uy Uo 0 0 0

Tu=]| u2 U Ug 0o ... 0
ur-1 Ur-2 uUr-3 ... ... Ug

Note that we must have T,v = T,u.
The adjoint operator of 7 maps matrices to vectors with components

T*(M)S = ZMt,tfs .
t

Moreover, we have the composition 7*(7,)s = (T — s+ 1)us.
In our theoretical analysis, we use circular extensions of signals that result in tractable closed-form
expressions for many of the moments in our experiment designs. For two signals u and v of length 7', the

circular convolution is defined as
T-1

(U @ v)t = Z UsVt—s (mod T) »
s=0
where the circular extention notation (mod 7') means that for s € [0,t],t — s (mod T') = t — s and for
se(t,T-1],t—s (mod T) =T +t—s. Note here that the summation extends over all possible indices s,
not just those that have values less than or equal to . In matrix form, circular convolution corresponds to
multiplication by a circulant matrix

u®v =Cyv
where C,, is the matrix
uo ur-1 ur-2 ur-z ... Ul
U1 Ug ur-1 ur-2 ... U
Cu = (%) (751 Uup ur-1 ... U3
ur-1 ur-2 UT-3 N ... Up

For a variety of reasons, computation with circular convolutions is more elegant than with linear convolutions.
For example, the Discrete Fourier Transform of a circular convolution is the product of the Discrete Fourier
Transforms of the individual signals. Such properties will be used in depth in the theoretical analysis.

For the ease of writing subscripts in equations, we introduce the circular extension notation vy = v; (mod 1)
for possible negative integer t. With this notation,

T-1

(u®v), = Zo UsVy_g - (2.1)

3 Estimands and Estimators of Time-invariant Treatment Effects

Suppose we have a scalar outcome sequence y; that depends on a scalar treatment z; via a linear dynamical
system

t
Y = ngxt_s+et =(g*x)+e. (3.1)
s=0

Here g is the impulse response of the linear system. For simplicity, we assume that the z; are binary-valued,

but we expect extensions to real-valued inputs to be relatively straightforward.
e; is an exogenous signal that is not affected by the treatment e;. But we are interested in analyzing e;
that are far from random. As a motivating example, suppose two treatments have treatment effects gy and
g1- We are interested in which leads to overall better outcomes. In this case, g = g1 — go and e = go. These



signals are tightly correlated. Hence, we model e as an adversarial error oblivious to the randomization x.
The error could be non-i.i.d., non-stationary, and even systematic, as long as it is oblivious to input x.

Which outcome properties might we be interested in? We could study the average treatment effect, which
compares outcomes when z; is equal to either all ones or all zeros:

T
Tate = 7 2, % (1) = 5:(0)
=1

Using (3.1), we can write TaTg in terms of the impulse response

T
(T-t+1)
TATE = Z 7 Yt
t=1

Hence, for full generality, we will study linear estimands of the form 7(q) = (Drgq, g) where ¢ is a vector and
D is the diagonal matrix with ¢-th entry % With this definition, 7aTg = 7(¢) when ¢ = 1.

For these designs, different estimands can highlight varied intervention effects. In a standard N-of-1
trial, the estimand would compare the effects of treatments at the end of each dosing period. That is, if a
particular treatment is given for a week at a time, the estimand will measure outcomes at the end of each
week. Standard N-of-1 designs use long periods to ensure that the interference between the effects of the
different treatments have washed out before an outcome is measured. If a treatment has spillover, then
measurements early in a treatment period will be influenced by the prior period’s treatment.

But what if we are interested in the average treatment effect at the resolution of a day? We can likely
measure outcomes each day, but can we measure the average differences? To get a feel for how these two
estimands can be different, consider the following two treatments with two periods:

A A
Y =%1, Yy =T1+2T2,

and
yP =0, y¥=22.

Both of these treatments correspond to linear time-invariant systems with g# = (1,1) and ¢® = (0,2).

For both treatments, the outcome if the treatment is taken for two time periods is 2. However, the
average outcome for Treatment A is 1.5 and the average outcome for Treatment B is 1. If, for example, these
treatments are pain medications, then Treatment A is preferable to Treatment B as the immediate relief
is valuable. We thus aim to allow for a variety of linear estimands to capture the effect most aligned with
preferred outcomes.

3.1 Estimation from Random Design

Consider the randomized experiment where we assign the input at time ¢ to be zero or one with equal
probability, independently at each ¢ € [T']. How can we estimate the treatment effect 7(q) from the observed
outcomes of an experiment?

We now fix the notation for the remainder of the document to distinguish between random and nonran-
dom signals. We will use boldface font for random vectors to emphasize the stochastic nature of experimen-
tation. In what follows, we use the normal font, say z € RT and H € R™” to denote deterministic vectors
and matrices, and boldface say x,y,z, W to denote vectors that are random due to experimental design.
The lone exception is that we use 1 to denote the all ones vector and avoid confusion with the scalar 1.

With our fixed notation, the linear convolution model is written as

y=x*g+eecRT, (3.2)

and g,x,x * g and e are all of length T" with x; € {0,1},¢ € [T].



A natural generalization of the Horvitz-Thompson estimator is the method-of-moments estimator dis-
cussed above.

7(q) = 7((2x -1) » ¢,2y). (3-3)

This choice is natural in the following sense. Suppose we restrict our attention to unbiased linear estimators
(w,y). Then unbiasedness is the linear constraint

E[(w,y)] = (Dra,9).
Setting w as the Moore-Penrose pseudoinverse of this system of equations yields the estimator (3.3).

As we will do several times in what follows, we note that 7(q) is a quadratic function of T' independent
Rademacher random variables. Throughout we will need to compute moments of such Rademacher chaos,
and we provide explicit formulas for their first, second, and fourth moments in Appendix A.1.

Indeed, z = 2x — 1 is a vector of independent Rademacher random variables and we have that

7(q) = H{z* q,2(x + g+ €)) = 2(Tyz, 2Tyx +2¢) = % (2,7, Tyz) + % (2,7, T,1 +27.¢) .

From this calculation we can verify that 7(q) is indeed unbiased as

Lqi9: = (Dr4q,g) .

B[] - (77 7) - 3 5

Moreover, the variance of 7, is given by
T
T*var(7(q)) = |7, Toll7 + te(7, Ty T, Tg) Z (Toque, Tgue)® + [ T4 (g% 1+ 2e)]*. (3.4)

Here u; denotes the ¢t-th standard basis vector. Though this variance formula can be computed from the
problem data, it is not wieldy or illuminating. In the later sections, we will compute an approximate variance
formula that provides more insights into the dependence of the variance on g, ¢, and e.

Example utility of N-of-1 Design The simple variance calculations thus far have already shed some
light on the utility of rapid switching in N-of-1 designs. If one wants to use a standard Horvitz-Thompson
style treatment effect when implementing an N-of-1 design, the period at which the treatment is switched
must be carefully chosen. Suppose a patient is trying to choose between two drugs, Drug A and Drug B. In
a standard N-of-1 design, the drugs would be given over windows so that their effects wash out over time.
That is, the half-life of the drug would determine the switching time.

In our N-of-1 design, the drugs can be interleaved more rapidly. The benefit of such an approach is that
if there are decaying effects, the patient would experience the average response of the two treatments. But
this averaging could come at the cost of having to run a longer experiment. Here, we show a toy example
illustrating how the expected time required to distinguish two treatments is approximately the same.

Suppose that Drug A has an impulse response

o® = 4g©

and Drug B has an impulse response
9.7 = Bg”

Suppose A and B are positive scalars and, w.l.o.g., A > B.
The associated estimand for this treatment effect is

1= gD = g® = (A= B)g®



This corresponds to 7(¢) with ¢; =1 and all other entries equalling 0.
Consider the signal-to-noise ratio, equal to

SNR- 9
var(7(q))

Suppose we observe an observation length T'. Using the variance formula (3.4), we have

var(r(q)) = LB g0 BB o)

where

T 2
v(g@) =y T g
t=2

©) = Hlg® * 1.

w(y zllg

Note that both of these quantities are bounded for all ¢ by [¢(®|2. A crude bound for the variance is thus

2 _ B\? 2 2
(@) s L (450) o6 s wtef s AEEE (a0 7). o

T A+B

Thus, even with rapid interleaving of treatments, the SNR tends to infinity at a rate of v/T.

We can say a bit more than this. If we do a standard experiment design where we wait ¢ time steps
for the transient dynamics to end, measure a new outcome, and potentially switch the treatment, then the
signal-to-noise ratio with random treatment assignments is

A-B
61/2
A+B\/_

We can compare the signal-to-noise ratios of the rapid design to the conservative design for particular
models of ¢(®. As an illustrative example, suppose that g( ) - = 4%, That is, it’s a simple exponential decay.
Suppose t indexes days and § = 0.5. This means that the treatment has a half-life of one day. For an
N-of-1 experiment that requires the effect to clear, this means you should wait 4-5 days between switching
treatments. Let us choose 4 for convenience, setting £~/2 to be 0.5. Hence, the signal-to-noise ratio of the
Horvitz-Thompson estimator is

A-B
0.5 VT
A+B ’

where T is the total number of days the experiment is run.
On the other hand, using the convolutional estimator, the signal-to-noise ratio would be at least

A-B
0.77T——=VT
A+ B\/_

This bound is estimated using (3.5). This lower bound on the SNR is 1.5 times larger than that required for
a standard design of the same duration. This shows that rapid interleaving of treatments can accelerate the
time required to assess the difference between treatments with decaying effects.

3.2 Plug-in Estimators for the Variance

To construct confidence intervals using a normal approximation, we need to establish data-driven estimators
for the variance of the estimator. Our approach is to provide direct, coarse estimates of the parameter vector
¢ and the error signal e, and then to plug these values into the variance formula (3.4).



In this section, we assume ¢ is only nonzero in the first K coordinates. As is evident from the variance
formula (3.4), the variance of the estimator is potentially small only when the function ¢ is only nonzero in
the first few components. We will describe precisely how small K needs to be in more detail in Section 4.

For any integer k, let uj denote the kth standard basis vector. Then 7(uy) is an unbiased estimator of
gi. Consider the following truncated estimator of g:

§<K = (?(uo),?(ul), cee ,?(’U,K_l),o, .. .,0) .

This estimator is unbiased in the first K components but approximates the remaining components as equal
to zero. We can use this estimate of g to estimate the error signal e as well

€=y — (X * ek )t

With these two estimates, we can estimate the variance. We simply plug these estimates into the variance
formula (3.4):

T
V= H7:]T7:§<K H%‘ + tr(ETE<2K7:]T7T§<2K) -2 Z(Euh 7:§<Kut>2 + HET (§<K * 1+ 2€) H2 . (36)
t=1

Note that in the second term, we use a 2K-length estimate of g, but all other terms only use K terms. In the
subsequent theory section, we provide evidence for this estimator being asymptotically normal, and hence
yielding valid normal confidence intervals.

4 The Circular Convolution Model

Consider a circular convolution model for the impulse response with horizon size T € N,
y=x®g+eecR’. (4.1)

How does this differ from linear convolution? As we described in Section 2, circular convolution models g and
e as periodic signals, and such models do not describe the sorts of N-of-1 experiments typically considered in
the medical context. However, on a long time horizon, when g decays quickly, circular convolutions and linear
convolutions produce similar outputs. As we will see, shortly, circular convolutions will provide insights into
the asymptotic behavior of linear convolution experiment designs, provided that the observation time is long
enough.

Moreover, circular convolutions are interesting in their own right for modeling periodic phenomena.
For instance, periodic behavior due to seasonality and other cyclic trends in financial times series (see, for
example, Box [5] or Chapter 2.8 of Tsay[28]). Hence, we include full details for experiment design in such
periodic systems.

In this section, we first develop the circular convolution model, providing the analogous estimand and
estimator to the linear case. We then show that for large ¢, the estimators for the linear and circular models
differ by a vanishing amount. We then establish asymptotic normality for the circular model, which in turn
verifies the asymptotic normality of the linear design as well.

4.1 Estimand and Estimator
We are concerned with a family of estimands indexed by q € RT
7(q) = (¢, 9) - (4.2)

Special cases include the cumulative lag-K effects, K € [1,T]|nZ, where vector q = 1. := ZkK:Bl u is plugged

in,

K-1 K-1
T =T(Leg) =7( D uk) = Y. gr - (4.3)
k=0 Ji=0

10



Again, uy, is the k-th standard basis vector.
Accordingly, consider estimators of the following form, indexed by g € RT (and its circular extension q)

7(q) = 7{(2x-1) ®¢,2y) . (4.4)
As a special case, the estimator for the lag-K effects 7 is
i =7(lex) = £((2x - 1) ® 1.k, 2y) . (4.5)

For the linear convolution model, the estimator takes the same form as the (4.4), only changing the
circular convolution to linear convolution,

70(q) = 7((2x - 1) * ¢,2y) . (4.6)
In this case, the estimand turns out to be slightly different than that in (4.2),
7™(q) = > %%9:& (4.7
te[T]

However, one can already see that if ¢; is 0 for ¢ > K, then the linear and circular estimands approach each
other as T tends to infinity.

Let us now consider the same simple design as before, when x € R” is randomly treated at each time
step. That is, x;,0 < ¢t < T is i.i.d. Bernoulli. As before, we denote the centered randomization vector
z:=2x -1 € RT. The estimator 7(q) is a quadratic polynomial of the z:

(@) =F((2x-1)@q (2x-1)®g)+ +((2x-1)®¢,1® g+ 2¢) ,
=H(z®q,z289)+ +(z®q,h),

where
hi=1®g+2eR”.

Observe that the difference between the estimator and the estimand, noted as Wy, takes the form

Wr:=7(q)-7(q) = % Z z;z; H;j + % Z z; L; , (4.8)
izje[T] i€[T]
where
Hiji= . aia97j Li= ), aiihe. (4.9)
te[T] te[T]

Here the ° notation denotes the circular extension defined in (2.1). This calculation reveals that the estimator
is unbiased. The notation also allows us to connect back to the linear model.

4.2 Circular vs. Linear Convolutions

This section shows that circular and linear convolutions are intimately connected, at least for the type of
impulse response we consider. Consider an impulse response signal of length g € RT. As developed in
Section 3, the estimator for the linear convolution model was given by

L._ =~ _ 1 L 1 L
Wr=Ty-74=% Z ZiZjHij + 7 Z z; Ly,
i#je[T] i€[T]

where
L._
H" = 7;T7'g ,
LF = ’7:1Th£7 where X :=1% g+ 2e.
We can already see that the linear term L* closely imitates the circular convolution model and exhibits

asymptotic normality under mild conditions.
We now show that the matrix H* and H are entrywise close.
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Lemma 1. Recall H;;’s defined in (4.9), and assume that q,g are supported only on the first K-entries with
each entry bounded. Then

r 3 3
T BT (H - B2l =0 ()

Proof. Note that we can write the entries of both matrices in a parallel manner
Hij = (Cqui, Cuij)
L
Hij (Tqui, Tyug) -

These are dot products between columns of circulant and Toeplitz matrices, respectively. Let u be a vector
supported only on the first K entries. Then C,u; = T, u; whenever i <T'— K. Hence, H;; = HZS unless either 4

or j is greater than T'— K. We also have that both H;; and Hf]: equal 0 if [i—j (mod T)| > K due to the fact
that ¢, g are supported only on the first K-entries. By the same reasoning, max; ; |H;;| and max; ; |H£| are
both O(K). Hence H;; — Hﬁ is only nonzero in at most O(K?) entries, and in these entries, the magnitude
of the difference is at most O(K). This proves the lemma. O

In what follows, we shall establish % asymptotic normality for the circular convolution model where

the higher order moment calculations and formulae are considerably simpler. Coupled with the above
approximation result, asymptotic normality holds for the linear model.

4.3 Variance of the Circular Convolution Model

In the circular convolution model, the variance of 7(q) yields a more interpretable expression than the linear
model. Since the two estimators are close to each other for large 7', we can draw further insights about how
the variance depends on ¢ and gq.

Proposition 1 (Second Moment).

T-E [(?(Q) - T(Q))2] =Vo+ V1,

where
1
Vg = var (\/— > ZiZjHij) =lg®qls+{9®9.9®4q) -2g,9)° (4.10)
T iijelT]
Vszar(\/lT > ziLi):%|(1®g+26)®q|§. (4.11)
i€[T]

The variance of this estimator thus is governed by the norm of the convolution of g with ¢ and on the
norm of the exogenous disturbance e. In order for this variance to be small, it is necessary that g and ¢ have
norms that grow sublinearly with T'. In particular, this suggests that ¢ should have sublinear support size.
The estimable treatment effects must only concern a small number of components of the impulse response
g. Under these assumptions, we can further show that the estimator is asymptotically normal. Asymptotic
normality will serve as a building block for inference of the causal parameters.

4.4 Asymptotic Normality

We establish asymptotic normality individually for the linear and quadratic terms of (4.8). To establish the
asymptotic normality for the quadratic term, we need one technical assumption on the decay of signal g and
the vector ¢; it is crucial to note that asymptotic normality does not hold for arbitrary g and q. When the
signal g ® ¢ is approximately supported on the top O(K') elements, the assumption holds for a wide range
of K =K(T).

12



Assumption 1. Let ¢ = 1.k, and assume there exist K = K(T') such that

e 2
I(glela) @ (gl @laDI3<C-T (lg @ a3 + {9 ® 9,9 ® a) -~ 2(q. 9)*)

with some universal constants C > 1, € > 0.

This assumption can be satisfied by various means. One that most closely connects with assumptions in
the dynamical systems literature is to assume g is asymptotically stable. For the purpose of this work, this
just means that g; can be upper bounded by an exponentially decaying function. Indeed, suppose |g;| 5 p*
with some positive p € (0,1) and ||g ® q|% + (9 ® 9,9 ® q) - 2(q,9)* = Q(1) (non-trivial limiting variance),
then the above assumption holds with a wide range of K = K(T) = Polylog(T). This is true because
I(lgl ® |a]) ® (lg] ® |q|) |3 5 Poly(K) = Polylog(T) s T* . The constant p is related to the mixing time of the
dynamical system when driven by white noise [23].

With Assumption 1 established, we can now proceed to verify asymptotic normality. Denote

Hr:=7 Y zzjHy,Lr=71 ) 2L,
ije[T] 1€[T]

where H;; and L; are d defined in (4.9).
Theorem 1 (Quadratic Term). Let ¢ = 1.x. Under Assumption I,

VT -Hyp

= N(0,1), asT — oo.
Vig®al2+{g®g,q®q)-2(q,9)?

In order to prove this theorem, we need to record two lemmas. These are both proven in the appendix.
The first lemma controls the magnitude of terms in the second moment of H. This is needed in multiple
places in order to verfiy asymptotic normality.

Lemma 2. With H;; defined as in (41.9),

max ». Hy+ HijHji < |g®q|3+(9®9,0®q) -2(q,9)°.
Jij#i

The second lemma provides the critical moment condition bounding the ratio of the fourth moment and
square of the second moment of H.

Lemma 3 (Fourth Moment Estimate). Then
E[H7]

2
(E[H7])

Together with Assumption 1, these two lemmas immediately yield a proof of Theorem 1 via the argument
of DeJong [6].

16 I(lgl @ la]) @ (l9] @ la) 3
-
T (lg®q|3+(9® 9,99 q)-2(q,9)%)

-3 §£+
T

Proof of Theorem 1. We first verify the assumption (a) in Theorem 2.1 of [6]. By Lemma 2,

2
max; ijjii Hij +Hinji 1

2 <5
Z#j Hij +Hinji T
which goes to zero as T — oo.
By Lemma 3
E(H7] .| 4,16 [(lgl® laD) ® (gl ® la]) |3
2 = 2
(E[HZ]) ' T (lgedql3+(g®9,9®q)-2(q,9)%)

13



By Assumption 1, we have

2
IClgl @ la]) ® (9] ® laD) |3 <o
(lg®ql3+{9® 9,99 q) -2(q,9)?)

and thus

lim 7E[H%] =3
o (E[HZ])

Now, we have verified the assumption (b) in Theorem 2.1 of [6]. Therefore, asymptotic normality is a direct
consequence of Theorem 2.1 in [6]. O

Asymptotic normality of the linear term follows from the standard Lindeberg-Feller Theorem.

Theorem 2 (Linear Term). Let q = 1.x. Assume that g,e € RT satisfy |(1,9)| > 2| e|le. Then
VT -Lr
Vilteg+2) el

Proof of Theorem 2. We can write

N(0,1), asT - oo.

VT Ly ) Z‘ﬁLi
Vil(leg+2e) g3 ) for
where
ZL2 Fl(1®g+2) ®4l5
-1 ||K< )1 +2¢ 8|
We know

miaX|Lz‘| < K(1,9)1 +2e® qloo < K[(1,9)| +2]e ® ¢
= K*(1,9)> +4K(1,9)2(l,e ®q) + 2(e ® ¢, ® q)

Under the assumption, there exists a small constant e such that (1) K|(1,g)| > ﬁQHe ® ¢l and (2)
K?(1,9)? > ﬁ%(e@q,e@q), and thus
max|Li] < (1+ (1 - D) K|(1,9).

Now, using the inequality

(1-e)K*(1,9)°+ £ 1(e®qe®q) +4K(1,9)3(l,e®q) = L[|V1-eK(1,9)1 + 22—

1-€T e®Q||2>O

=
we can lower bound the variance

UT 2 K2< 79) %(

> eK*(1,9)° - 1

®qe®q) - (1-e)K*(1,9)* - {5 7(e®q,e @)
T%(e@q,e@q) > 2 K%(1,9)%.

We hence have

(1+(1-€)*)*K*(1,9)°

1
T 62K2(17g)2 =0,

which implies for any fixed ¢

limsup — = ZT|L |2]P’(|zl|\1fL >dor)=0.

— 00 Tl

The last equation verifies the Lindeberg-Feller condition; thus, asymptotic normality holds. O
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5 Inference: Confidence Intervals

Equipped with the asymptotic normality, building confidence intervals is reduced to estimating the variance.
In this section, we will extend the plug-in variance estimator of Section 3.2 to the circular case and show that
it leads to valid confidence intervals. The argument for the linear convolution model is exactly the same,
albeit with less compact formulas in the calculations.

We will use non-asymptotic concentration inequalities to derive that both terms can be estimated con-
sistently with high probability. With the asymptotic normality established in the previous section we thus
will derive data-driven confidence intervals on 7(q) when ¢ = 1.x. We will provide estimates VQ and Vy, for
the quantities Vg and Vy, in the variance formula of Propositon 1. Then provided K = O(log(T)),

- Vo+V
7(q) £ 21 o2 th L.

will be valid confidence intervals with coverage 1 — a.
To start with, we state a uniform consistency result.

Theorem 3 (Uniform Consistency). Assume |e;| < M, YVt >0 and |g|1 < C for absolute constants C, M > 0.
Let K be an integer that K < T, and recall ug,k € [K] defined in (4.3). Then, with probability at least
14772

- log(T)
sup |T(ug ) — 3 ,
- Klog(T)

F(1ex) — (Lek, ) 3

VT
Assume in addition that |g¢| 5 ' with some positive constant ¢ < 1. Then with K = K(T) = O(log(T)),
T(1<x) = (g,1)| 0, asT - o0.

This Theorem can be proven by invoking the Hanson-Wright and Bernstein inequalities. Before proving
the theorem, we record a useful inequality that explicitly captures the error rate of our estimator.

Lemma 4. With probability at least 1 —4exp(—7), for any fized q,

2
HORAPIPy (LT R TYXTYIR S

[(1®g+2e)®q|? qli-|1®g+2¢|e
\/ = o dal HT e

Proof. Using (4.8), we have

Z ZiLi

i€[T]

1
> ziziHij|+ 1
i#je[T]

7(q) - (g, a)| < F

We can bound each term separately. By the Hanson-Wright inequality, we have with probability at least

1-2exp(-7)
SVIHEy + [H op

Z HijZiZj - TI‘(H)

i£]

As derived in the proof of Proposition 1,

|2+ B = T(lg®ali+ (9@ 9,09 q) - 2(9,0)°) .-
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and we always also have |H + H |op < |H + H'||p.
For the second term, with probability at least 1 — 2exp(—7), Bernstein’s inequality asserts

|20 Lizil 5\ L13y + [ L] o -

In this case, we again know from Proposition | that |L[3 = |(1 ® g + 2¢) ® ¢|3 and again bound |L|. <
lgli-]1®g+2e|e, completing the proof. O

Using this lemma, Theorem 3 is immediate

Proof of Theorem 5. For q = uy, one can immediately verify that
lg@al3 = Y (gi0)? = g3
1
1/2 1/2
(999,099) <Y gigar-i < (X 97) " (X(920-0)") " = lgl3 -
1 1 K3

In addition,

[(1eg+2e)@ql3 189+ 2|3
T T

<[1eg+2e|Z .

Lemma 4 reads:

_ NaA % Y
- 3 +|1®g+2€|0o —Vv =),
P(a) = gul 5 g2 = + 11 ® 9.+ 2l (/v )

with probability at least 1 — 4exp(—7v). We complete the proof by applying union bound and plug in

v= log(T2K). To obtain the almost sure statement 7(1.x) - (g,1) 5" 0, we take K = O(log(T')) and apply

the Borel-Cantelli lemma since Y772 < co.

O

Plug-in estimate of variance Let ¢ = 1.k, now we are ready to state the data-driven estimators
for the terms Vg and Vp, in the case of convolution. The estimators are essentially the same as what was
presented for linear convolution. Denote

first K entries

§<K = (?(’LLO), e ,?(UK_l),O. . ,0)

and define the plug-in estimate of Vg
Vo = [9<x ® a3 + (Gezrc ® G, 4 © @) — 2(F(Lerc))” (5.1)
For the term Vp,, we are going to design a plug-in estimate. We introduce the estimator for the error vector
=y - (X®Tek )t
and define
V=L K7(1k) - 1+2-T@ |3 . (5.2)

Conceptually, the plug-in estimate of Vg,V is to replace g < Gcx, and to replace e <« €=y — X ® Gex.
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Proposition 2 (Validity of the Plug-in Estimate of Variance). Let ¢ = 1.x. Consider the same assumptions
as in Theorem 3. Then with K = K(T) = O(log(T)), as T — oo

Vo = Vo,
VLS v
With the asymptotic normality established in the previous section and the above proposition asserting the

validity of the plug-in estimate of variance, we can define the data-driven confidence interval with coverage
1—a: choose K = K(T) =O(log(T)), let ¢ =1.g, and

7(q) + Ca/ 252

Proof. To show the consistency of VQ - Vg, we will show consistency for each term in (5.1).
2 a.s.

First we will show ||[Gear ® 3 = |g ® ¢|3. For ¢t > 2K

I(9®q)¢ < Z lgs—i| < Kt K
1€[ K]

and thus |g ® ¢|3 - Zts[ﬂ{](g@q)f < K2c2K = 0p(1) with K = ©(log(T)). Note that for ¢t < 2K, (¢ ® q); =

Yie[k]9i-; and recall the uniform consistency for supy o [T(ur) - gr| % (Theorem 3), we have with

probability at least 1 — 472

K% +cI7 VK —op(1)  forte[0,K)

K@ _op(1)  forte [K,2K)

(9@ )t~ (T<r ® @)e| 3 {
N

and thus, we have
[gx@qls- Y (9®9); =or(1).
te[2K]

To sum up, the above derivation implies [gex ® ¢35 " g ® 3.

Now we study the term (Geox ® Geor,q ® q) o (g ® g,q® q). First note that

(9@g,90q)= Y, (9©9):(q®q):,
te[2K]

and that ¢ ® g is supported on the first 2K-entries. For t < 2K, (9 ® 9)t — Yic[2k] 9ii-i 5 2K and by the
uniform consistency in Theorem 3 and triangle inequality, we have

(9©9) - (T ®T2i )il | Y. 9559 — Y, GooiGil + 5
ie[2K] ie[2K]

o —_ —~ —~o0 o 2K log(T) 2K
< Ji_; - max [g; — gi| + Gi|- max [g,_;, — g;_;| + ¢ 3 Poly(K)—==* +¢
16[22;(] t—1 ie[2K]| 7 Z| ,Lg[QZK]| 1| i€[2K]| t—1 t z| ( ) VT

Therefore, (Gax ® Jeor, 4 ® q) = (9© 9,4 ® q).
Lastly, Theorem 3 showed that

(Grc )~ (9,9) 0.

Put three terms together, we have shown Vg “ Vo.
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Now we move on to study the term Vr.

o \2
Ve =711+ 2)®ql3=F > (K(Lg)+2 3 e)
te[T] €[ K]

We introduce the estimator for the error vector
CGi=yi—(X®TGcx )i =€+ (X® ger )t — (XOTer )t + (X® gorc )t -
(@) (i1)

To bound the term (i), we note that by Theorem 3

. o . . Klog(T
(8 gerc)e ~ (x@Tercdd = | 3 xi(0s -7 < K sup los il s o)
ie[K] ie[K] VT
To bound the term (ii), we use the fact
(x® goic )il < gorc 1% o0 5 ¢
Thus for all t e [T],
Klog(T
sup [€; — e 3 Klog(T) + e,
te[T] VT
—o ° K?log(T) K
sup | > G- Y els ———"+Kc" =or(1).
te[T] ie[K] ie[ K] ’ VT

So far, we have proved

sup

sup [(K7(Lere) +2(F@ a)e) = (K (1,9 + 2 @ 0),)| = 0r (1)

. 3 a.s.
and thus, as a direct consequence V;, = Vy,. O

6 Empirics

In this section, we demonstrate a simple empirical example illustrating two theoretical results established, the
asymptotic normality in Section 4.4, and the asymptotic equivalence between circular and linear convolution
in Section 4.2. Besides validating the theory, the empirical example also demonstrates how asymptotic
characterizations become accurate as T’ grows.

We fix an impulse response g; = 1.00 * 0.65° — 1.60 * 0.50" + 0.75 * 0.48", ¢ € [T'] and set K = 25 in
constructing the estimator Tk defined in (4.5). For this impulse response, it is clear that the signals are
negligible after K = 25. We consider two data-generating processes (DGP), the circular convolution model
in (4.1) (see Fig. 1), and the linear convolution model in (3.2) (see Fig. 2), both with e = 0. For each DGP,
we sample the impulse/treatment vector x € {0, 1}7 with i.i.d. Bernoulli with 7" = 200, 1000, 5000 and then
observe the response y € RT, to illustrate the asymptotic behavior. For each DGP and T, we run 20000
Monte Carlo simulations to show the histogram of 7k .

A few observations follow from the simulations in Fig. 1 and 2. First, the linear convolution and circular
convolution are asymptotically equivalent, as shown in Section 4.2. Here for each T, the distributions of
7(1.x) and 7" (1.x) are indiscernible, especially for large T. Second, the variance formulae in circular
convolution, as shown in Proposition 1, correctly provide the 95% coverage even in the linear convolution
model, seen in Fig. 2. Even for T = 200, Fig. 2a demonstrate a 95.49% coverage, implying that the variance
formula we derive under circular convolution remains an accurate approximation for the linear convolution
model. Third, for each Figure, as T increases, the distributions approach an asymptotic normal distribution,
validating the asymptotic normality results established in Section 4.4.
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3 4 5

(a) T =200 (b) T = 1000 (¢) T = 5000

Figure 1: Circular convolution model y = x ® g: we plot the histogram of 7(1.x) defined in (4.5)
based on 20000 Monte Carlo simulations, the red solid vertical line corresponds to 7(1<x) defined
in (4.3), the red dashed lines are two standard deviations from the expectation using the variance
formula in Proposition 1.

(a) T =200 (b) T = 1000 (¢) T = 5000

Figure 2: Linear convolution model y = x * g: we plot the histogram of 7"(1.x) defined in (4.6)
based on 20000 Monte Carlo simulations, the red solid vertical line corresponds to 7" (1.x) defined
in (4.7), the red dashed lines are two standard deviations from the expectation using the variance
formula in Proposition 1.
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7 Discussion and Future Work

Formalizing a statistical framework for N-of-1 designs using dynamical systems provides a convenient mod-
eling test-bed for within-subject analyses. Our initial results here suggest that this project is feasible, and
that it is relatively simple to write software to compute treatment effects under relatively simple dynamic
interference patterns. However, it is mildly discouraging that even the most simple linear time-invariant
model is already quite complicated. We hope that our initial work here encourages investigation into simpler
designs with simpler analyses. Or, perhaps, theoretical arguments will be made as to why such simplicity is
impossible.

As this paper is just a first step towards such a theory of N-of-1 designs, there are plenty of open
questions that must be answered to solidify the statistical foundations. First, in this work, we only consider
the simplest randomization design, toggling treatment randomly at each time step. An analysis of balanced
designs would likely immediately reduce variance in simple settings. Moreover, more clever experiment
designs could potentially mitigate the long-term dependencies inherent to the statistical model. Such designs
could potentially reveal more information about the system from shorter observation times.

Another avenue for future work would be determining the optimal timing of interventions. Our statistical
models are continuous processes sampled at a particular cadence of uniform discrete intervals. What is the
best choice of this sampling time in order to most rapidly infer treatment effects? For example, in the case
of medications, there will be time associated with the onset of the effect of treatment and time associated
with the decay of the effect. Sampling too early or late will understate the impact of the treatment. In order
to maximize the signal in an experiment, how can we determine the optimal intervention time? Can novel
randomization schemes or adaptive designs help identify the optimal timing?

Finally, we hope that future work will investigate extensions beyond the linear time-invariant model
studied in this work. We expect it would require little effort to extend the time-invariant treatment effects
of this paper to study those where the response varies at each time step

t-1
Y = Z gs(t—8)xs .
s=0

This would make our framework a full generalization of SUTVA potential outcomes. That is, with this
particular time-variant model, the SUTVA model is recovered when g (t) = 0 for all ¢ > 0. The main
stumbling block is how to generalize the estimate of the variance of the treatment effect for this model.
Extensions to nonlinear models would also add to the generality of this framework. It could be useful
to appeal to the control literature to understand how to model nonlinear dose responses and saturation
effects between doses. Future work will benefit from such further synergies between causal inference and
mathematical control.
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A Technical Proofs

A.1 Moments of Rademacher Chaos

Proposition 3. Let W be a d x d symmetric matriz and let z be a vector of d independent Rademacher
random variables. Consider the random variable G := ¥, z;z;W;;. Then

E[G?] =Y W}

i<j
and

E[G']=3(E[G%])" -2 Wi +3 % W, W Wi Wi, .

i#] ixj+k+l

Proof of Proposition 5. We can define a graph G = (V,£) on |V| = T indices, and the edge weight W, :=
Wij, e € € denotes an undirected weight between nodes ¢ <> j. Then

G:i=) zW,
eeE

where for an edge e :i < j, 2. = z;2;. Note that E[z.z.| = 0 if e # ¢’. With this edge index notation, the
second moment can be written as

E[G =Y W2+ % Elze,ze]We,Wey = X W2,

ee€ e1teqef ec€
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The edge indices prove convenient in evaluating the fourth moment. There are only three cases where
E[Ze, Ze,ZesZe, | can be nonzero. First, if all of these edges are equal. Second, if there are two pairs of equal
edges. Third, if there are four distinct edges that form a cycle.

Thus we have

=Wl ¢ )( ) >, WEWE )Y We, Wey Wey We, -
ee€ ! e1#eqef ej+estez+e el cycle
The sum of the first two terms equals E[G*] = 3( E[G ]) — Yiz; Wi;. The last term is equal to

3 Wiy WiWi W,

ixjEkl

To derive this, fix four distinct points 4, j, k,l (say i = 1,5 = 2,k = 3,1 = 4). Then then there will be 44—*!2 =3
distinguishable edge arrangements (1 2 <3 <41, 1243 1,142 3« 1) that form
a cycle. In total, there will be 3 x4! = 72 terms that involve node indices 1,2, 3,4, which can be grouped into

Z We We,We, We, = 24W1oWos W3y Wyt + 24W1oWou Wiz Waq + 24W 14 WaoWaz W3y .
e1+egtegre el
cycle with indices {1,2,3,4}
On the other hand, in the summation over indices, there will be 4! = 24 terms with the index set {1,2,3,4}:

> WiiWi Wi Wi = SW1oWosWasWay + 8Wi1aWoyaWys Wy + 8Wi4WiaaWas Wy .
izjkel:
{i,j,kflj}i{iQ,SA}

This verifies the desired moment formula. O

The following Lemma specializes these moment calculations to a particular form of Rademacher chaos
that appears several times in this work.

Lemma 5. Let M be a matriz and z be a vector of independent. Rademacher random variables. Then
E[(z, Mz)] = tr(M)
and

E[((z, Mz) - tr(M))*] = [ M|F + tr(M?) - 2 Z(:)MQ

of Lemma 5. The first moment is an elementary calculation. For the second moment, we can write

(Z,MZ) - tI‘(M) = ZZZZ](MU + Mﬂ) .

i<j

Apply Proposition 3 to the matrix W = M + M" to complete the proof. O

A.2 Properties of Circular Convolution
We collect a key fact about circular convolution that will be repeatedly used.

Proposition 4 (Circular Symmetry). For any two sequence a,beRT, then for any t,s e [T]
Zat15z_ Zazsbit

Proof of Proposition /. Define the correspondence o : i+~ t+s—i (mod T'), note this is a bijective map from
o:[T]—[T].

Zatz :Zato()bsa’()_zazszt

1€[T] 1€[T]
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A.3 Proof of Proposition 1
Observe that

E[(B(0) - A(0)"] = E[W}] = £ X E[wiw;]

i,j
Note for i # j (w.l.o.g. say i > j), due to the martingale difference property
E[wiw;] = E [w; E[wi|F;]] = 0

Therefore we need to calculate

Wil =72 Y EW 1= 7w 3 3 (Hy+ Hji)* + L
7 % ]<z

i)
The remaining argument is algebraic manipulation using properties of circular convolution. We will show

S H+HijHy=T-(lg@ql3+{9©9,9®4q) -2(q,9)%) ,

i#]

ZLZ [(1eg+2e)@aqls

First, for H we have

ZH?] ZZQt'LgthqS'LgSj
]

1,7 te[T s€[T]

= Zth e Z(th 195-5)

t,s 1

- qut qu z(zg] sg_g t) by Pl"Op. 4

t,s 1

=2 ; gj—tQt—i)( > 95-s40)
7 s

= Z(g ® q)?—z (mod T')
sJ

=T-|g®q|5.

Similarly, we have

ZHZJHJZ_Z Z qt zgt -J Z qs JgS i

i,J te[T]

—ZZ% i9o- z(zgt JQS ])

t,s 1

—ZZ% ige- l(Zg] qu t) by Prop. 4

t,s 1

= Z ( ; Qj—tQt—i)( Zgj—sgs—i)

_2(9‘99)] i (modT)(q®Q)j —-i (mod T)

,J
=T-(g®9,q®q) .
And thus

S H+HijHy=T-(lg@ql3+(9©9,9©q) -2(q,9)°) -

i#]
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For L, let h=1& g+ 2e. We then have

SLE =3 Yl ihiaihs = Y hihs Y a)dl

i t,s t,s

=Y hihs 3 qi g5 = D (h@q) = |h@q|3.
t,s 7

A.4 Proof of Lemma 2

By the circular symmetry property in Proposition 4, we have

maxws; € )W —wi = 234045 297935 + 2D dii9eni 2 9i-jde-; ~ 9. 4)°
’ J t,s 7 t,s 7

=23 e 2 GG+ 2D A iTei > 9 — g, 0)°
t,s 7 t,s J

=2 Z(g ®4)j_i (modT)*+2 Z(g ®9)j-i (mod 1)(4®@)ji (mod 1) ~4(9,4)°
J J

=2[g®q|3+2(9®g.0®q) - 4{g,9)" .

Note that the above holds for any 4, we finish the proof.

A.5 Proof of Lemma 3

Define Wij = Hij + Hﬂ we have

_ o o o o _ .
Wij = Z Qt—i9t—5 * Q91— = Wji -
te[T]

Let G =}, ziz;wi; =T - Hy. Invoking Proposition 3 yields the following equality

4
E[H‘j{] _3 Zi;tj Wij + Z#j#k#l WijWikWkiWii ) (Al)

(EH2]) ~ TH(EMZ))  TH(E[HZ))

We already have by the argument in Proposition | that

EH?] =2 (lg®ql3+(9®g.9®q)-2(q,9)*) .

Thus, to complete the theorem we need to bound the quantites

wy and Y wiwirwm - (A.2)
1% ijrk#l
For the first term, we will show
2
dwiy <4AT - (lg@dl3+(9®9,a®a) ~2{a.9)*)" , (A.3)

i)
To see this, we first establish

Ywh=2y HY+ HiHj; =2T-([g@ql5+(9®9,9®q) - 2(q,9)°) -

i%j i)
By Lemma 2, we further have

Iglgxwzzj <2lg®q|3+2(9®g.q®q) - 4{g,q)° .
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Put these two bounds together, we find

2
Zw” Smaxw” Zwu £4T(Hg®q\|§+(g®g,q®q)—2(q,g)2) ,

’Li] 7/¢_]

which verifies the inequality (A.3).
Next, we aim to show

> wijwrwwen| < 16T [ (lg @ lal) ® (gl @ laD]3 - (A4)

ixg+k+l

To proceed, we first note

Z wigw]kwklwll‘< Z |Wzgwjkwklwli
ixj+k+l ©,7,k,l

<2 (X lwigwinl)( Z Jwriewri]) (A.5)
LA
Now, the above Equation (A.5) can be break down into a sum of 2* = 16 terms

> wijwjil < Z(Zlqt 1955+ lai- ;97 z)(Zlqs 9ol + la-92-51)

J

- szt zgt ]Hqs _]gs k|+ZZ|Qt _]gt zHQa k:gs ]| (AG)
t,s g t,s
+ 2 2 lar g sllal g j|+ZZ|qt i9r-illas- 95l (A7)
t,s g t,s g

Each of the above terms is handled similarly, and we will only showcase one. Denote |g| to be the vector
taking entrywise absolute value to the vector g, we know

ZZ\qt e illas_;92 | = ZZIqt |

= Z(IQI ® la))5-: (|9l ® l9]);-s

where the first step is by the circular symmetry property in Proposition 4. Using the same idea on all 4-terms
n (A.6)-(A.7), we have shown

> lwijwikl = 3 (Ial @ laD)5-i (I9] @ 19)3- + > (lal ® lal)5-x (I9] @ lg])5-;
j j J
+ (gl @laD;_i(lgl @ laD; -« + > (gl @ laD5 (gl @ lal);-; -
J j
Now one of the 16-terms in (A.5) takes the form

;;%:(M@M)j i(lgl ® la])5- k2(|g|®lql)z (gl ® la))i_
= g};%ﬁ(lgl ® lq))k—; (gl ®la))7; ZZ:(|9| ® |a))ii (gl ® la])i
= ;;(Igl ®lq);_; (gl ®laD)i-; ;(Iql @ lq])r-; (lal ® la])is
= %((Igl ® lq)) ® (lgl @ al))i_; ((lgl @al) @ (gl ®la]));_;

=T((l9l®la)) ® (gl ®lq]), (gl ® lq]) ® (|9l © |q]))
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where the first step uses the circular symmetry property in Proposition 4 again. Note that each of the 16
terms will look similar to the above, which looks like an 8-th moment with a balanced number of g and ¢’s
(4 each).

To bound each of the 16 terms by the representative term, we need to recall Parseval’s identity and

convolution theorem: for a vector g € R”, denote § € CT to denote its discrete-time Fourier transform
(DFDT), then

(9.0)=7% > Tnlr -
ke[T]

9®qy, =Gk - G -

Here, for a complex value z € C, we denote Z to be its complex conjugate and |z| to denote its modulus.
Take one of the 16 terms, say

((gl®lg) ® (lgl @ lg]) (lal @ la]) ® (la| ® [a]))

— 4 ~4
:% Z |9|k|Q|k
ke[T]

<L 3 Jiglel Nl = 109l @ lal) © (gl @ lal) 13 -
ke[T]

Therefore, we have verified (A.4).
Using the inequalities (A.3) and (A.4) to upper bound (A.1) thus completes the proof.
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