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Motivation and Background



Why do diffusion-based generative models work?
e rethink learning to sample from data distributions

e theories for generative models

Optimal Transport Perspectives for Diffusion-based Generative Models



diffusion-based generative model

Original Image Step k Step k+1 Noisy Image

«

Forward chain: add noise to data point

Xo— = X = X1 — - = X

Backward chain: remove noise from data point

Xo o= X Xpy1 -+ X

Saremi and Hyvarinen (2019), Sohl-Dickstein, Weiss, Maheswaranathan, and Ganguli (2015), Song
and Ermon (2019), and Song, Sohl-Dickstein, et al. (2020)



diffusion-based generative mod

Noisy Image

Original Image Step k Step k+1

Forward chain: Markov chain
diffuse real data to white noise, learning process

Backward chain: time-reversal of a Markov chain
denoise white noise to real data, generative/sampling process



xical to a theory researcher

Empirically: state-of-the-art results, DALL-E, Stable Diffusion, ...

Song, Durkan, Murray, and Ermon (2021) and Song and Ermon (2020)

(if infinite computational resources, perfect generative model)



xical to a theory researcher

Empirically: state-of-the-art results, DALL-E, Stable Diffusion, ...

Song, Durkan, Murray, and Ermon (2021) and Song and Ermon (2020)
(if infinite computational resources, perfect generative model)
However, conceptually problematic in {probability, optimization,
information} sense
e probability: time-reversal of a Markov chain will get stuck in
equilibrium, cannot recover past from future

e optimization: if two paths converge to the same point, impossible
to recover the initial condition

e information: inject noise then denoise, how can one be better off?

(Einfini . e . )



resolving the paradox

Original Image Step k Step k+1 Noisy Image

e . B

w: real data distribution, v: white noise distribution

. i £ f —
Forward Diffusion 1 =: pig = jty — - =5 figy —> -+ —> piryy  ~>

Time Reversal 1 =: fig 4 fly = =+ < flgy <= == = fiTy | -V
by’ by b

infinite computation and data: » ? v



resolving the paradox

Original Image Step k Step k+1 Noisy Image

SAS R

Time Reversal NI:NO;:“H%"‘bﬁﬂkn“"'ﬁfufﬁ? >{
1 K

. 7 _ _ _ =
Backward Denoising 1 <~ g <|37 Uy ¢ --- <l)7 Uiy -+ <b_” UKy =V
1

k K




resolving the paradox

Time Reversal 1 =: fig < by <= =+ 4= iy <= -+ & lky | 7
b by’ by: e i
- 7 _ _ -
Backward Denoising 1 «~ <J Up ¢ --- <|37 Uiy -+ ;
k K

1

infinite computation and data: denoising maps b/’'s are exact

denoising maps b/ carries information of the initial measure

(recover the past from the future)



resolving the paradox

Time Reversal 1 =: fig < by <= =+ = [lky < -+ < Ky >/
b bt b b

k

2

Backward Denoising 1 <~ g <J Up &= -
1 k

 Dpy |
b b

Sensitivity analysis
whether the perturbation Uk, ~ puk, will get amplified along the

backward denoising chain




what’s missing in the current theory

current theory

e sensitivity analysis: on denoising map b/, estimated based on finite

data, namely b}’ ~ b/

e with infinite data and computation, namely b}’ is known:
non-expansion metric d(-, -)

f-divergence, data processing inequality

Not fine-grained enough:

Song, Durkan, Murray, and Ermon (2021), S. Chen et al. (2022), Lee, Lu, and Tan (2022),
H. Chen, Lee, and Lu (2023), ...



what’s missing in the current theory

current theory

with infinite data and computation, namely b} is known: non-expansion
metric d(-,-)

Not fine-grained enough:



what’s missing in the current theory

current theory
with infinite data and computation, namely b} is known: non-expansion
metric d(-,-)

Not fine-grained enough:

example: current theory is insufficient
1-dim Gaussian = N(0,02), Wasserstein distance W(-,-)

_ _ 52—
W (pk—1, Ok—1)/ Wi, o) = 1+ gmrroa—g
> 1, (expansion) if 02 > 1
< 1—mn, (strict contraction) if o < 3, and k < 5 log(2(1 — 0°))

Ideal theory: the backward denoising chain should matter



technical challenge: analysis under Wasserstein metric is harder than
under KL divergence S. Chen et al. (2022)
usefulness of the theory: if the message is that backward denoising chain
does not matter



Why do diffusion-based generative models work?
e rethink learning to sample from data distributions

e theories for generative models

Optimal Transport Perspectives for Diffusion-based Generative Models

a fine-grained theory on what governs the complexity of the
diffuse-then-denoise process



Theory



forward chain: diffusion

Original Image Step k Step k+1 Noisy Image

R

On data space, x: Langevin diffusion

dXt = fo(Xt)dt + V 2571dBt

10



forward chain: diffusion

Original Image Step k Step k+1 Noisy Image

On data space, x: Langevin diffusion

dXt = —Vf(xt)dt + \V 2571dBt
Lift to distribution of data, u(x): Fokker-Planck PDE on p = 3£

Bepr =V - (pe(VF +  Vlog pt))

10



forward chain: diffusion

Step k Step k+1 Noisy Image

>

*
On data space, x: Langevin diffusion

dX; = —VF(X;)dt + /25-1dB;

Lift to distribution of data, u(x): Fokker-Planck PDE on p = ‘é—‘x‘
Oipr =V - (Pt(v’( + 47V log /)t))

Original Image

Jordan-Kinderlehrer-Otto:

1 :
fen = argmin — W5 (ue,v) + G(v), G(v) = / fdv + 3 / log(4%) dv
vePs(X) 21 :
VF + 3 'V log p is the Wasserstein gradient of G : P5(X) — R

1
Jordan, Kinderlehrer, and Otto (1998), Ambrosio, Gigli, and Savaré (2008) 0



forward chain: diffusion

Original Image Step k Step k+1 Noisy Image

forward step X; — X;4, is easy: add Gaussian noise

Xt+n = (1 - 77)Xt + V 2ﬂ71772> Z ~ N(Oa I)

How about backward step? denoising Xy, — X,

10



backward chain: denoising

Xt+’r] = (1 - U)Xt + Vv 267nZ, Z ~ N(Oa l)
Goal: Xtyn to predict X,

Score function & Tweedie’s formula

Consider Y =X +0Z, Z ~ N(0, ;) and X, Z are independent. Let py
denote the density of Y. Then

Viogpy(y) = %{E[X\Y:}’]—Y}-
———— g

score function

11



backward chain: denoising

Xt+’r] = (1 - U)Xt + Vv 267nZ, Z ~ N(Oa l)
Goal: Xtyn to predict X,

Score function & Tweedie’s formula

Consider Y =X +0Z, Z ~ N(0, ;) and X, Z are independent. Let py
denote the density of Y. Then

Viogpy(y) = %{E[X\Y:}’]—Y}-
———— g

score function

Score estimation?

_ 1— )¢ — Xer
min & | R s

Minimzer s(x) is the score function Vlogp,,, (x)

Saremi and Hyvarinen (2019) and Song, Sohl-Dickstein, et al. (2020) e



Score function V log ps4y(x) induces a DenoiseMap on data level

(based on conditional expectation E[X¢|X¢4,, = x])

However, is the DenoiseMap exact on the distribution level?
Namely, DenoiseMap(te¢r) < bt

12



backward chain: denoising

Proposition (L., Koriyama and Dharmakeerthi '24)

L1
ity = arg min — W22(Mt7 v)+ , o=

vePs(x) 21

Then any 7 € (0,7,), the optimal transport map t/: s,

Hitn

Htt+n

th —i4q(VF+p81 Vlogpy,,,), for pti,-a.e. x € RY .
—_———

score function

13



backward chain: denoising

Proposition (L., Koriyama and Dharmakeerthi '24)

1
fesn = argmin — W5 (e, v) + , =
vePs(X) 2N

Then any 7 € (0,7,), the optimal transport map t*: s,

Hi+n

Ht+n

the =i+n(Vf+B 1 Vliogpy,,), for pei,ae. x € R
——

score function

tfi= argmin [ [t(y)  y|du(y) Monge

totyr=p

W3 (p, v) = 7\'€|I_|n}fl V)/foyu dm(x,y) Kantorovich

= [ e~ iipav

Brenier (1987)
13



backward chain: denoising

Proposition (L., Koriyama and Dharmakeerthi '24)

.1
fern = argmin — W5 (e, v) + , =
veP5(x) 21

Then any 7 € (0,7), the optimal transport map t/: s,

Ht+n

Htin

the =i+ n(VFf+ B Vlogpy.,), for pi,ae x € RY .
——

score function

Denoising with score is exact on the distribution level, and is optimal in
Wasserstein sense.

13



X1y, = X + 1 (Xiop + 87 Sy Kin) ODE

X(e-1yy = X + 1+ (Xiy + 287" Sy X)) + V28710 N(O, 1), SDE

Sample Paths - Langevin

Sample Paths - OT

o 200 400 600 800 1000
t

(a) Backward Transport via SDE

o 200 400 600 800 1000
t

(b) Backward Transport via ODE

14



statistical computational

role

score function conditional mean optimization step

denoising

sensitivity analysis?

) H(K-1)n

.......... @‘_@ bk

""""""" M Ugni=V
V(K1)

15



uncertainty in denoising?

Proposition (L., Koriyama and Dharmakeerthi '24)

Consider Y =X +0Z, Z ~ N(0, ;) and X, Z are independent. Let py
denote the density of Y. Then

1
V2logpy(y) = —2{ Cov[2|Y =y] —/d} :
N——— (o2 |

curvature function denoising uncertainty

16



uncertainty in denoising?

Proposition (L., Koriyama and Dharmakeerthi '24)

Consider Y =X +0Z, Z ~ N(0, ;) and X, Z are independent. Let py
denote the density of Y. Then

1
V2logpy(y) = —2{ Cov[2|Y =y] —/d} :
N——— (o2 |

curvature function denoising uncertainty

Connects to

Turns out crucial in

16



statistical computational role

score function conditional mean  optimization step denoising
curvature function  conditional var optimization guarantee localization

we discover the crucial role of second-order information in the
diffuse-then-denoise process

17



geometric complexity of the diffuse-then-denoise process

18



warm-up: one-step diffuse-then-denoise

pe L7 He

K%

19



warm-up: one-step diffuse-then-denoise

TR L

K%

1
1
1
: Mty
1
1

Ve

bltﬂl
#
1%
t ?’ﬁ Vitn =
#

any gain for forward-then-backward step?
Consider B_l =0, o = dx and vo = J,, two Dirac measures

Forward W (o, o) = ||x — y|| , Backward W (py, 7y) = (1 — n)|lx — y|| ,
Forward-then-Backward W (o, 79) = (1 — 77)_1W(pn, o) = |Ix — yll = W(go, wo) -

No net gain when 31 = 0.

19



frepy = £ 11y, where £ =i — n(Vf + 7'V log p,,,)
Vern = £;ve, where £ =i —n(Vf + 7'V logpy,)

forward contraction
Assume for some A € R, V2f(x) = X Iy, ¥x € X.

One-step forward process satisfies

|imsupl W22(/1't+7lvyt+77) - W22(/1Jt>yt) < o).

n—0 7] W22(:U/tayt) -

20



backward step: sensitivity

/Ltfn

\ Hit—n = Ht,

Mt V_gp = v,

, where =i+n(VFf+p'Vliogp,)
-

Theorem (L., Koriyama and Dharmakeerthi '24)
Assume for some A € R, V2f(x) < X Iy, and for some ¢ € R

VZlog pu,(x) < —C - 1y, Yx € X.

One-step backward map satisfies

1 W2(b"" e b)Y — W2 (e, v
a2 2(#Mt f ) 5 (ke )§2(/\—571C)-
vePy(X) 1 W3 (e, v)

The inequality is sharp when p; is Gaussian. 21



diffuse-then-denoise process: one-step

Consider Ornstein—Uhlenbeck process where f(x) = ||x||?/2.

Take any two chains u; and v, the forward diffusion satisfies contraction

W2 (Mt+n» Vt+n)

<1-2+0
W2(j1e,ve) n+ 0(n%) .

The backward denoising satisfies a possible-expansion

W3 (bl ey, bl W)
W2 (,ut+7]7 Vt—‘rn)

<1+2n—287"¢C+ O(n?).

22



diffuse-then-denoise process: one-step

Consider Ornstein—Uhlenbeck process where f(x) = ||x||?/2.

Take any two chains u; and v, the forward diffusion satisfies contraction

W2 (Mt+n7 Vt+n)

W(Mt Vt) S1-20+00 )

The backward denoising satisfies a possible-expansion

W2(b# MH—n»b# Vetn)
W2 (,ut+7]» Vt+7])

<1+2n—287"¢C+ O(n?).

Theorem (L., Koriyama and Dharmakeerthi '24), higher-order
Assume V£,V logp,, Viogp,, € CZ(X,X), then

Wf(bi"fi"u, ©) = O(n*) .

22



diffuse-then-denoise process: one-step

Forward contraction: Backward possible expansion:

W (4, Ver W2 (e,
% <1l-2p+ o(n?) . 22(}‘# <1+2n—|2n87 ¢ |+ O(?) .
(e ) Woiern v <120

23



diffuse-then-denoise process: one-step

Forward contraction: Backward possible expansion:

WE (pens Vern) 2 W2( e, Dr)
— s> < 1-2n+0(n7) . 230 TH <4 on | 287 ¢ |+ O(n?) .
WZZ(M“ vt) T sz(HHrm Vt+n) - 7 )
Net gain of diffuse-then-denoise:
2 o gvn
W2 (Mt? b# f# l/t)

<1-2n8"Y + O(n?) .
Woluer) S 187¢+ O(n°)

1223 (T 1243

I
:
: Fttn
1
1

X bHJI
#
1%
Ce B T

vyn
f#

Ut

curvature V2 log Pu.: net effect of diffuse-then-denoise process

23



curvature at all scales: chaining

Theorem (L., Koriyama and Dharmakeerthi '24), chaining

Define the diffuse-then-denoise map

flig =f" 0 of "o f)7,
bfLK] =b{""oby"o---obi".

Assume there exists a sequence of (x,; € R such that
V2 log pyuy, (X) X —Cin - la, Vx € X, Vk=1,2,... K .

Then the diffuse-then-denoise process on v with fixed K steps satisfies

W2 (,u, (bfLK] o f[”K])#l/) X
< 2087 G + O() ] .
WQQ(M7 7/) — eXp ’/ ; Qk 1 (77 )

24



new insigh

This paper: effectiveness of diffuse-then-denoise process

e Net gain of diffuse-then-denoise process: 371 # 0
e Curvature at all scales matters

e If log-concave, (x, > 0 across all time scales k

B=: Ho

H(E-1)y

25



new insigh

This paper: effectiveness of diffuse-then-denoise process

o Net gain of diffuse-then-denoise process: 371 # 0
e Curvature at all scales matters
e If log-concave, (i, > 0 across all time scales k

e Beyond log-concavity: worst-case curvature — average notion of

curvature

multi-scale complexity: beyond log-concavity

25



SNR, localization, and tail

Given a measure p € P>(R?), define for any SNR r € Rx

Y. :=rX+2Z, (X,Z) ~p@N(0,ly)

26



SNR, localization, and tail

Given a measure p € P>(R?), define for any SNR r € Rx
Y, =rX+2Z, (X,Z) ~ p®N(0,ly)
Define the localization function, and the associated random variable
L(y) = || CoveXI¥, = yl[lop . and L, = | Cov[rX|Y,] lop -
and denote the survival function of L, as s;(+) : Ry — [0, 1]

s(u) :=P(L, > u) .

26



SNR, localization, and tail

Given a measure p € P>(R?), define for any SNR r € Rx

Y. :=rX+2Z, (X,Z) ~p@N(0,ly)

Define the localization function, and the associated random variable
L(y) = || Cov[rX|Y, = y]llop , and L; = || Cov[rX[Y]|[op -
and denote the survival function of L, as s;(+) : Ry — [0, 1]

s(u) :=P(L, > u) .

{5 = /loo s.(u)du .

—0

26



multi-scale SNR

Ornstein-Uhlenbeck Process with initialization Xy ~ i, and potential
F(x) = IIx[I?/2

dxt = —Xtdt + \V 2/8—1dBt o

Then the distribution of X;,Vt € R,

X % e Xo + /B L1 — e 29)Z, Z ~ N(0, 1y) -

27



multi-scale SNR

Ornstein-Uhlenbeck Process with initialization Xy ~ 1, and potential
f(x) = [Ix]1?/2

dxt = *Xtdt + \V 2/671dBt .

Then the distribution of X;,Vt € R,
X % e Xo + /B L1 — e 29)Z, Z ~ N(0, 1y) -

multi-scale SNR

1
V2 log Pu.(x) = — 5 {ly — Cov[r(t)Xo|X: = x]}
%/f_l/ S (t)
curvature function
—t
r(t) .= ° s(t) := !

27



simplest non-log-concave example: intuition

— (-
(@) r=071 (b) r=1.50 (c) r=3.00

We plot the density py, (-), for three SNR r's. Red shaded area corresponds to non-log-concave
region with V? log py,(-) > —d with 6 = 0, and Orange shaded area corresponds to 6 = 0.5.

28



simplest non-log-concave example: i

(@) r=071 (b) r=1.50 (c) r=3.00
Localization and Curvature: L (y) <1 —§ iff V2logpy,(y) = —6 - Ig,
namely, py,(y) strongly log-concave at y.

These y's are good locations with strong negative curvature: accurate
denoising/localization from y.

Locations where diffuse-then-denoise is beneficial.

28



simplest non-log-concave example: i

(@) r=0.71 (b) r=1.50 (c) r=3.00

Survival Function: s.(1 —¢) :=P(L(Y,) > 1) tells us the
probability of bad locations with possibly non-log-concavity where the
backward denoising is hard.

Mass that may induce a large expansion in the diffuse-then-denoise
process.

28



simplest non-log-concave example: i

(@) r=0.71 (b) r=1.50 (c) r=3.00

Integrated Tail: slow growth in the integrated tail function 6 — h,(d,r)
implies that one can take an effectively large ¢

e bad locations with positive curvatures = a negligible expansion

effect
e good locations with negative curvature = induce a contraction

effect to offset

This complexity quantifies an overall notion of curvature.
28



simplest non-log-concave example: intuition

10 i SNR

3 i — o010

B : o120

5 os i -

< ! o

S : gyt

o i — 0560

s i 0670

S 0a \ oo — 070

d N 0890

= . — oo
oz ‘ \
\

00 L

G W5 1o 15 20 75 3

u u
(a) s(u) Low SNR (b) s(u) High SNR

Question: what's the hardest SNR?

29



multi-scale complexity: theory for non-log-concave

Theorem (L., Koriyama and Dharmakeerthi '24), non-log-concave
For any ¢ € [0,1], as n — 0,

1 W3 (bl e, b8 ") — W2 (pae, v)

lim sup -
W2
VEM(;J,“M);V%,“ " 2 (:uhy)

<2- 2 8 -M-h(6r®)]

contraction

30



multi-scale complexity: theory for non-log-concave

Theorem (L., Koriyama and Dharmakeerthi '24), non-log-concave
For any 6 € [0,1], as n — 0,

. 1 W2(b;;n/lt7b;;n”) _ W22(/’Lta V)
lim sup —

VeM(Nt,M):D%,ut " W2 (Mh V)
<2—%[ ) _M'h((Sr(t))}_
- l—e=? 122N
cor;a/;on —
M(p, M) := {v € Py(X) : Supijl)‘oz:j J‘I(t )[QELX)H < M}

Here M controls the richness of perturbations around .

30



multi-scale complexity: theory for non-log-concave

Theorem (L., Koriyama and Dharmakeerthi '24), non-log-concave
For any ¢ € [0,1], as n — 0,

1 sz(bin#hb;!n’/) — W3 (e, v)

lim sup = :
UEM(ut,M):V%Mt N W2 (lu’h V)
<2-2| O -M-h(5,r(1)] .

contraction

probe the multi-scale complexity: empirics

30



Empirics




probing the multi-scale complexity

m*(r) = min hu(é,r)’
sefo,1] 6

m(t) = sup g—= [0 — M- h,(5,r(t))]
0€[0,1]

Actionable theory: given a target distribution, empirical or with explicit
form, we can visualize the functions above.

e For any empirical measure 119, a analytic expression for the empirical

version of L,(y).
e Simulate Y, by sampling rX + N(0, 1), for X ~ pg.

e Obtain the empirical survival function, s.(u). m*(r), and ¢z, (t).

31



non-log-concave example 1: two-point mass

Xo~ 16_, + %6, for some y >0

10 — 0100 10
1=0.200
— =030
o8 — r=0400 o8
0,500
06 — r-0600 06
E =0.700 E
3 — r=0800 G
04 r=0.900 04
=1,000
02 02
AN
00 . 00
00 02 04 06 o8 10 12 14 00 02 04 06 o8 10 12 14

Gt

(a) s(u) Low SNR. (b) s:(u) High SNR. (c) ¢y (t). 32



non-log-concave example 1: two-point mass

Xo ~ 36_,, + %6, for some y1 >0

il

t t

(a) Forward Diffusion via OU (b) Backward Transport via OT

(a) Forward diffusion initialized at o = 0.561 + 0.56_1, v = 8. T = 100, n = 0.01. (b)
Backward transport initialized at pt, v7, and applying the backward OT map b7,

32



non-log-concave example 2: mixture of point mass and Gaussian

Xo ~ 160+ 3IN(0,1)

10 — r=0100 10
1=0.200
— (=030
o8 — r=0400 o8
0500
06 — r-0600 06
s =0.700 5
3 — r=0.800 B
04 r=0900 04
=1.000
02 02
00 00
G0 o2 o4 06 08 10 12 14 00 o2 o4 06 08 10 12 14

&t

(a) s(u) Low SNR. (b) s:(u) High SNR. (c) ¢y (t). 33



non-log-concave example 2: mixture of point mass and Gaussian

Xo ~ 300 + 3N(0,1)

N P

(a) Forward Diffusion via OU (b) Backward Transport via OT

(a) Forward diffusion initialized at po = 0.580 + 0.5N(0,1), vg = . T =100, n = 0.01. (b)
Backward transport initialized at put, vr, and applying the backward OT map b7,

33



non-log-concave example 3: heterogeneous Gaussian mixture

Xo ~ >0 pi - N(pi,0?)

000 025 050 075 100 125 150 175 200
t

(c)

(a) sr(u) Low SNR. (b) s.(u) High SNR. (c) ¢y (). 34



non-log-concave example 3: heterogeneous Gaussian mixture

Xo ~ 221 pi 'N(thiz)

B 4

N
4

HYYYY
YT

—~

)
]

(a) Forward Diffusion via OU (b) Backward Transport via OT

(a) Forward diffusion initialized at
fio = 0.1N'(—4, 1) + 0.2A/(—2, 0.5) + 0.4N(2, 0.5) + 0.3N/(4,1), vp = . T = 100, 7 = 0.01.
(b) Backward transport initialized at p7, v, and applying the backward OT map b*'".

34



Thoughts on Generative Models




model,

learn, enerate distributions

histograms/empirical measure
parametric family and maximum likelihood
nonparametric density estimation 44

dx
MCMC

In the past ten years: new insights

model push-forward maps, OT theory v — u, denoise empirical measure

model both push-forward and pull-back maps, cycle consistency, v = pu,
isomorphism between metric measure spaces

model forward and backward flow, approximate coupling, chaining
compositions of push-forward and pull-back maps

35



discussion and future work

‘ hard to sample ‘ easy to sample
hard to learn ‘ avoid ‘ generative adversarial networks
easy to learn ‘ diffusion-based models ‘ ?

36



Static analysis: Empirical Processes and Optimal Transport

e Generative adversarial networks: one-step push-forward, complexity
tradeoff between generator and discriminator
Liang (2021) JMLR

e Optimal transport and generative models:
(reversible)-Gromov-Wasserstein, forward and backward maps,
isomorphism, cycle-consistency

Hur, Guo, and Liang (2024) SIMODS

Dynamic analysis: Partial Differential Equations and Optimal Transport

e Fokker-Planck PDE: probabilistic diffusion models, forward and backward
chains, curvature matters
Liang, Dharmakeerthi, and Koriyama (2024)

e Monge-Ampere PDE: leverage curvature to design a new chain/flow,
regret analysis via new evolution variational inequality
Deb and Liang (2025)
Guo, Hur, Liang, and Ryan (2022) COLT

37



Thank you!

Tengyuan Liang, Kulunu Dharmakeerthi, and Takuya Koriyama (2024).

Denoising Diffusions with Optimal Transport: Localization, Curvature, and Multi-Scale Complexity.
arXiv:2411.01629, 2024.

Nabarun Deb, and Tengyuan Liang (2025).
No-Regret Generative Modeling via Parabolic Monge-Ampeére PDE.
arXiv:2504.09279, 2025.
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Monge-Ampere PDE

e Given target ‘é—“ = e, and reference 4 w=e¢
X
Find a convex function 1 : R — R

(VYp)pv =

e (Static) Monge-Ampere equation:

—F(V(y)) +g(y) + log det(VZ4(y)) = 0.
e Parabolic Monge-Ampeére equation:

A

5r W) = —F(Vée(y)) + 8(y) + log det(V2¢(y)) -



Define the density at step k as px := (Vi)x)#e ¢ and consider

Vb1 — Vb

e = —&, where &, = V(Iog(,ok/e_f) o Vwk) .

Theorem (Deb and L. ’25), evolution variational inequality

Assume that my := inf, V29, (y) > 0. Given any probability density m,
let 7, denote pdf of (V4;)#m. Then

KL(ple™") — KL(m|e™")

Be(m — Bg(m 1
< Bolrlp) ~ Bolrlpisn) , 1 s / €elPdme — KL(rlo) -
Nk M1

Guo, Hur, Liang, and Ryan (2022)



Theorem (Deb and L. ’25), evolution variational inequality

KL(ple™") — KL(m|e™")

< Ba(mlpx) = Ba(mlpiys) | 1 7 /Hé“kl |[2dm, — KL(7|px) -

Tk Tam
Target Domain X Reference Domain )
0 -
Voo,
m > e ®
(p11p2)
P1lp2 V¢p2
P2 T2
Bg, (m1lm2)
s 1
Vo,




regret to convergence

Theorem (Deb and L. ’25), convergence

Average-iterate convergence:

e Constant time-invariant stepsize 7, = 17,

KL(prle") = O(%)



regret to convergence

Theorem (Deb and L. ’25), convergence

Last-iterate convergence:

e Time-invariant stepsize 7, = % assume inf, V24 (y) > m- Iy,

KL(prle™) = O( )

e Adaptive stepsize 1, = assume in addition

A
K+1
sup, V2, (y) < M- Iy, and reference g(-) A-strongly convex,

KL(prle™") = 0(&D)

e Time-invariant stepsize 7, = @,

Bs(e~f|pr) = O(*E))



Monge-Ampere neural-PDE sampler

Algorithm 1: Monge-Ampeére Neural-PDE via Logistic Re-
gression

Input : T, total number of steps; {nx}r<r, the step-sizes;
initialize a neural network function 1 : R¢ — R, and set
k=0.

Output: A neural network function %7 : R¢ — R, and samples
from (Vipr)#e™9.

while k£ < T do

Sampling step: Given i.i.d. data Xq,---, X, ~ e/, sample

X1, , Xn ~ pr = (Vihi)#te™9, augment to
{(Xs,Ls = 0)}, U{(Xs, L; = 1)}, and form its empirical
distribution as (X, L) ~ i;

Learning step: Estimate a neural network discriminator

function hy, as in (5.1) ; V1 = —nkﬁk o Vibr, + ¢
Neural Network update: Define a new neural network with
the residual architecture shown on the right
Y1 = —Nkhg 0 Vo + Yy ;

Setk+ k+1;

end




Monge-Ampere neural-PDE sampler

Algorithm 2: Monge-Ampeére Neural-PDE via Score Match-
ing

Input : 7, total number of steps; {7 }r<r, the step-sizes;
initialize a vector-valued neural network 7 : R — R%,
and set k = 0.
Output: A vector-valued neural network function nyg : R4 — R9,
and samples from (nr)#e9.
while £ < T do
Sampling step: Obtain i.i.d. samples from py = (ny)#e 9,
form the empirical measure py;
Learning step: Estimate a neural network score &, as in
(5.2), and define the corresponding My, as in (5.3) ;
Neural Network update: Define a new neural network with
the residual architecture shown on the right

Ngp1 = — Vg - (Mg ony) +ny, , here Vay, : R — $P4 and
my ony : RY - RY and ¢~ denotes the matrix-vector product ;
Set k< k+1;

end

N1 = —M Vg - (Mg o ng) + ny
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