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We introduce a novel generative modeling framework based on a dis-
cretized parabolic Monge-Ampere PDE, which emerges as a continuous limit
of the Sinkhorn algorithm commonly used in optimal transport. Our method
performs iterative refinement in the space of Brenier maps using a mirror gra-
dient descent step. We establish theoretical guarantees for generative mod-
eling through the lens of no-regret analysis, demonstrating that the iterates
converge to the optimal Brenier map under a variety of step-size schedules.
As a technical contribution, we derive a new Evolution Variational Inequality
tailored to the parabolic Monge-Ampere PDE, connecting geometry, trans-
portation cost, and regret. Our framework accommodates non-log-concave
target distributions, constructs an optimal sampling process via the Brenier
map, and integrates favorable learning techniques from generative adversar-
ial networks and score-based diffusion models. As direct applications, we
illustrate how our theory paves new pathways for generative modeling and
variational inference.

1. Introduction. Probabilistic generative models have demonstrated impressive empiri-
cal performance in modeling complex probability distributions for tasks deemed challenging
under conventional statistical frameworks. Over the past decade, many probabilistic genera-
tive models have been proposed and analyzed, partly inspired by the theory of optimal trans-
port (OT), including generative adversarial networks (GANs) [4, 34, 41, 51, 56], as well as
flow-based and diffusion-based probabilistic models (DPMs) [20, 21, 52, 54, 70, 71], among
others.

At a high level, GANs and DPMs aim to model and learn the push-forward map between
a reference distribution v, which is easy to sample from, such as a Gaussian distribution, and
the target probability distribution p. With the learned push-forward map 7, one can generate
new samples X from the target distribution by transforming fresh samples Y ~ v, specifi-
cally X = 7(Y). Despite abundant empirical evidence demonstrating their effectiveness in
practice, these generative models possess certain unfavorable theoretical limitations, which
we discuss below.

(i) Ease of sampling: GANs model the push-forward map as a one-step map, namely u =
T#v, where sampling is easy; DPMs, on the other hand, represent the push-forward map
as a composition of a series of non-linear transformations, expressed as = (71 0 73 0
.-+ o T7)#v, where sampling is less transparent since it requires inverting a sequence of
non-linear maps known as denoising steps.

(i) Ease of learning: Brenier’s theorem [11] demonstrates that the optimal transport map
T = V1) corresponds to a convex potential 1. However, it is known in GANs that enforcing
convexity constraints to regularize learning presents technical challenges. Additionally,
learning the one-step map from uncoupled data X ~ u, Z ~ v proves difficult. In contrast,
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DPMs propose decomposing the task into a sequence of sub-tasks where each map is a
small deviation from the identity map, namely 74 ~ id, k = 1,...,T. Furthermore, for
each step k, the deviation 7 — id can be learned reliably from coupled data constructed
using diffusions.

In this paper, we introduce a novel generative modeling framework inspired by parabolic
Monge-Ampere partial differential equation (PDE), a nonlinear PDE that naturally arises in
OT as the limit of the Sinkhorn algorithm. Notably, our theoretical framework simultaneously
integrates the ease of sampling and the ease of learning, two key features discussed earlier.

The core idea is as follows: we refine the Brenier map V1), iteratively using a discretized

. . . . . T
version of a mirror gradient flow, thus constructing a chain V1, Vg, ..., Vi = V.

In particular, let f(z) := —log(du/dx) be the target density, and define the density at step &
as py = (Vo )#e 9 with g(x) := —log(dr/dx). We then study the following vector field
iterations

w = ¢, where &, :=V/(log (Pk/eif) o Vi) .
k

Here, &, resembles a (preconditioned) gradient step under a (local) mirror geometry. Equiv-
alently, the Brenier potential admits an iterative refinement of the form of a (discretized)
Monge-Ampere PDE,

V1 — P _
Nk

which is the limit of the Sinkhorn algorithm under certain scalings [8, 25]. We note that
explicitly evaluating the log det term in the above display can be avoided either by using the
classification trick (see Theorem 5.1) or the score-matching trick (see Theorem 5.2).

Two modeling advantages of our idea are: (i) our iterative refinement acts directly on the

—f oV + g+ logdet (V2¢k) ,

space of Brenier maps, and thus the limit (Vip)#v = w1 provides an optimal one-step
sampling of the target measure in the context of Brenier’s theorem; (ii) at each iteration,
one can learn the gradient &, without worrying about enforcing notions of convexity/cyclic
monotonicity. The convexity of ;1 will follow as a consequence of the convexity of 1y
and the small step-size n;. These speak to the ease of sampling and learning, respectively.

As for theoretical contributions, we provide a refined no-regret analysis for the proposed
generative modeling framework, without requiring the target distribution y to be log-concave.
Our regret analysis provides new technical tools to study generative models by introduc-
ing a new Evolution Variational Inequality (EVI) [2, 38, 65]—which connects geometry,
transportation cost, and regret—tailored to the parabolic Monge-Ampere PDE. Our novel
regret analysis significantly expands the theory of generative models to accommodate non-
log-concave measures.

1.1. Organization. In Section 2, we provide background and motivation for parabolic
Monge-Ampere PDE. In Section 3, we introduce and study the properties of Bregman di-
vergence on the space of probability measures, as it serves as the key geometry with respect
to which we shall study convergence. Specifically, Section 3.1 features a new three-point
identity for Bregman divergences, while Section 3.2 presents a new notion of convexity of
the KL divergence with respect to a Wasserstein Bregman divergence (introduced in Exam-
ple 2 below). In Section 4, we present all our convergence and regret analyses: (i) Section 4.1
provides guarantees for average iterate convergence, (ii) Section 4.2 introduces a new EVI
for the KLL and Bregman divergences, and (iii) Section 4.3 contains regret bounds and non-
asymptotic rates for the last iterate. In Section 5, we discuss how our proposed discretized
parabolic PDE can be employed to design novel algorithms for generative modeling (see
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Section 5.1) and variational inference (see Section 5.2). In Section 6, we demonstrate the
efficacy of our algorithms in sampling from a Gaussian mixture and provide a number of
practical guidelines for stability, memory, and running time efficiency. The supplementary
file [26] contains the proofs of all our main results and an additional numerical experiment.

1.2. Notations. We will write e~/ for the density of our target distribution p supported
on some X C R and e~ for the density of the reference distribution v supported on J) C R%.
Typically for simple 9 like the Gaussian, we will have ) = R?. To help the reader distin-
guish between the domains, all integrals on X will be over the variable x and all integrals on
Y will be over the variable y. Only p, v are reserved for probability measures, and the other
Greek symbols p and 7 (with subscripts) will always refer to probability densities. All vector
fields will be denoted using boldface notation, for instance, &, T : RY — R4,

The push-forward 74 for a vector field T denotes the distribution of 7(X) when X ~ p.
With slight notational abuse, we will sometimes directly apply the # notation on a proba-
bility density, say p, in which case T#p will also denote a density function. K L(p|r) and
Ws(p, ) denote the standard KL divergence and the Wasserstein distance between p and 7,
respectively. For densities 7 and p, we will use the standard definitions of Brenier potentials
and Brenier maps between 7 and p from [77, Theorem 2.12]. Typically, these potentials will
be represented with ¢ or ¢ (and the corresponding maps by V¢ and V), with appropri-
ate indexing to make the probability measures involved transparent. P5¢(R?) will denote the
space of probability densities supported on some subset of R¢ with finite second moments,
and we will sometimes refer to it as the 2-Wasserstein space.

Given a continuously differentiable function 1 : R* — R, we write its Fenchel dual as
Y*(x) = supyey((z,y) — ¥(y)). We will call a twice differentiable function 1) : R >R a
m-strongly convex function if infy Amin(V21(y)) > m. Similarly, we will call it M -smooth
if sup, Amax (V29 (y)) < M. Here Apin and Apax denote the minimum and the maximum
eigenvalues of a matrix. The following function spaces will be used: (i) C? for twice contin-
uously differentiable functions, (ii) C2° for infinitely differentiable functions with compact
support, and (iii) L?(p) for square integrable functions with respect to some probability den-
sity p. Given a functional F : i/ — R for some function space U, %—JZ will denote the first

variation/Gateaux derivative of F at u. Finally SiXd will denote the set of d x d symmetric
positive semi-definite matrices; for instance, V2 (y) € SiXd, Yye ).

2. Parabolic Monge-Ampere PDE. Recall that we wish to sample from a complicated
target distribution with density e~/ € P3°(R?). We also have a reference distribution with
density e~9 € P3°(R?), which is easy to sample from, for instance, a standard Gaussian. By
Brenier’s Theorem [11, 58], there exists a Brenier potential 1) : R¢ — R such that Vi)#e ™9 =
e~/ . The corresponding (static) Monge-Ampére equation [3, 60] thus reads:

—F(V(y)) + g(y) +logdet (V>3 (y)) =0.

Learning V) is particularly useful for sampling as one can generate samples from e~/ by first
sampling from Y ~ e~ (say a Gaussian) and then applying the optimal transform V¢ (Y').
However, as the above is a non-linear second-order PDE, given e~/ and e9, solving the
equation for V1) is highly computationally intensive. An alternate approach adopted in the
PDE literature is to study instead the natural dynamic version, that is, the parabolic PDE

Oy

¢ W) = —F(Viu()) + g(y) + logdet(VZ4iu(y))

The existence of solutions, uniqueness, smoothness, and exponential convergence of Vi, —
V1) as t — oo have been studied extensively in the PDE literature; see e.g. [1, 8, 46]. There-

fore, { V4, }1>0 can be viewed as a continuum of iterative refinements of some initial map

2.1)
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Vi : RY — R?, eventually leading to the target Brenier map V. Furthermore, define
pt := Vi#e 9. Then by sampling Y ~ e™9, Vi (V) ~ p = e~ (see [25]). Therefore,
V(Y can be viewed as an approximate one-step sample from the target density e/, for
large t. Due to these favorable properties of the parabolic PDE (2.1), it is natural to study
an implementable time discretization of (2.1). In this paper, we therefore study the following
natural (forward) update rule:

Yr+1(y) — Vi (y)

Tk
= —f(Vir(y)) + g(y) + logdet (V>4 (y))
(2.2) = —f(Vr(y)) —log pr.(Vibr(y))

where {7 }1>0 denotes the set of step-sizes, 1)y : R? — R is some strongly convex func-
tion, and

(2.3) pr = (Vb)) #e 9.

In this paper, we study the choice of step-sizes 7y, and its effect on the convergence of p; —
e~f. The implementation of (2.2) based on neural networks is possible using a classification
technique as in [35, Proposition 1], or a score matching technique as in [42, Theorem 1]; we
will discuss these in detail in Section 5.

Beyond the natural connections to the Monge-Ampere equation, the continuous and dis-
crete systems (2.1) and (2.2) have several compelling properties that make them useful for
applications. We present a few of them below: (i) they can lead to faster flows in the sim-
ple Gaussian setting than perhaps the widely studied dynamical system, namely the canon-
ical Fokker-Planck equation [29, 62]; (ii) they are closely related to the dynamics of the
celebrated Sinkhorn algorithm [23, 31]; (iii) they can be viewed as steepest descent of the
KL(-le=7) functional with respect to a certain weighted local L2-metric; (iv) they can be
used to construct novel generative learning algorithms that combine ease of sampling with
ease of learning as mentioned in the introduction; and (v) they provide a new paradigm for
variational inference. The first two points will be discussed in this section, while the latter
three are deferred to Section 5.

2.1. Illustrative Example for Gaussians. We provide a simple example on the rate of
convergence of the aforementioned parabolic PDE when both e~/ and ™9 are densities of
centered univariate Gaussians, say N(0,1) and N (0, A?), A < 1. Suppose that 1g(y) = y2/2.
The continuous time system (2.1), after taking an additional space derivative then reduces to

0} (y) 1 i)

ot = —1/12/(?;)1/4(?/) + ﬁy + gl(y) :

As )y, is linear, it is easy to check that all ;s are linear. So, let ¢;(y) = ¢,y for some ¢;.
The above differential equation then becomes a Riccati equation ¢; = —c? + % with cp =1,
which implies ¢; = (1/A) tanh((t/A) + tanh ™ ())). Writing p; = (¥})#e 9 gives that p; is
the density of the N (0,07) distribution where oy = tanh((¢/A) + tanh™'())). It is easy to
check that for the standard Fokker-Planck system, the corresponding solution, say pr(t) is
the density of N (0, a%’t) where U%,t =1—(1-X?)e 2. As aresult,

s 2
1 —og, _ 1—A (e—t(l-‘r/\*l)—tanh*l(/\) 4 et(,\*1—1)+tanh*1(,\)>2 oo ast—soo,

1—0752 4
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because \ < 1. Therefore, o2 converges to the target variance 1 faster than the Fokker-Planck

variance a%}t. For the discretization scheme (2.2), it can be shown that the pg’s (see (2.3)),
under appropriate initialization, are all centered Gaussian distributions, and the variance con-
verges to the target variance 1 locally at an exponential rate. For brevity, we defer further
details to Section A in the Supplement [26].

In the sequel, we provide in Section 4 global regret analyses of the discretization (2.2)
under general assumptions on e~/ and e, extending far beyond Gaussianity and log-
concavity.

2.2. Connection to Sinkhorn. The exploding literature on generative modeling in recent
years has witnessed state-of-the-art methods that rely on entropy regularized optimal trans-
port (EOT); see e.g. [16, 24, 33, 79]. Given a temperature parameter € > 0, the EOT problem
is given by

(2.4) €= argmin {1 /HJJ —ylPy(z,y) d(z,y) + eK L(vle ! @ eg)} ,
well(e=f,e=9) 2

where II(e~/, e9) denotes the class of probability densities on R? x R? with marginal den-
sities e~/ and e~ 9. The optimal 7¢ from (2.4) is also referred to as the (static) Schrodinger
Bridge (see [68]) between e~/ and e 9. By [30, 64], it is known that there exist poten-
tials ¢¢ and ¢° such that 7¢(z,y) = exp (2(z,y) — 1o (z) — Ly(y) — f(z) — g(y)). As
7€ € (e~ e79), both ¢¢ and ¢ will satisfy certain fixed point equations. In particular, the
equation for ¢ is given by

V(y) = V[ (y),

where

1
exp (7<£C, y)) _
V) (y) = elog/ < e @ dg
Jexp (2z.y) — cv<(y) — 9(y)) dy’
Perhaps the most popular algorithm for solving (2.4) is the Sinkhorn algorithm (see [63,
23]) which solves for ¢¢, 1), 7 using a natural iterative procedure to get {¢{,, V1, 7}, }x>0. In
particular, following the V* notation above, the 1);.s are updated as

(2.5) Vi1 = V[Yil(Y) -

The parabolic PDE (2.1) can now be viewed as the scaling limit of the Sinkhorn algorithm in
the low temperature regime € — 0 when the number of iterations k scales like t/e for some
t > 0. The following proposition (also see [8, Lemma 4.2] and [25, Lemma 4.6]) demon-
strates why such a scaling limit is natural. We provide a proof in Section A of the Supplement
[26] that is self-contained.

_ PROPOSITION 2.1. Suppose 1) : R? — R is a uniformly strongly convex C? function. Let
Y(y) = V[¢]|(y). Then, as e — 0, we have:

g &) —¥(W)

e—0 €

=—f(VY(y)) + g(y) + log det (V2¢(y)) .

Assuming that the Sinkhorn iterates {¢¢}’s are C* smooth and strongly convex, Theo-
rem 2.1 coupled with the Sinkhorn update rule (2.5) yields the following approximation

Vi1 (y) — A ~ —f(VY5i(y)) + g(y) + logdet (V2¢l€c(y))7

€
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which approximately coincides with our discretization scheme (2.2) with constant step-sizes
ni = €. Moreover, the above display implies that 1, and v} are O(¢) apart. As a result, by
running the Sinkhorn algorithm for k = ¢/ iterations, we expect to get a limiting curve, call it
{1+ }+>0. Using similar heuristics as used in the discretization of the Cauchy problem [59, 67],
we expect that the LHS e~ (¢)¢ /e ) = /E) will converge to the time derivative 9,1 (y)

whereas the RHS —f(V¢§/E(y)) + g(y) + logdet (VQ@b;/e(y)) should converge to the neg-

ative descent direction — f(V1¢(y)) + g(y) + log det(V?4¢(y)). This yields the parabolic
PDE in (2.1).

3. Bregman Divergences over Probability Measures. Our regret approach to studying
the discretized parabolic Monge-Ampere equation (and its application to generative model-
ing) relies on a novel three-point identity that delineates geometry, transportation cost, and
regret. This key analytic tool depends on the concept of Bregman divergences on the 2-
Wasserstein space. To motivate it, we recall the definition of Bregman divergence on the
standard Euclidean space — For a diffeomorphism ¢(-) and its Fenchel conjugate ¢*(-),
define

G.1) Dy(x[Ve™(y)) :=d(x) = (V™ (y)) — (¥, 2 = Vo™ (y)) = ¢(z) + ¢"(y) — (2,y) -

It is easy to check that if ¢(-) is strictly convex, then Dy(z|V¢*(y)) > 0 with equality if
and only if x = V¢*(y). The Bregman divergence is a fundamental notion in the celebrated
field of Euclidean mirror descent (see [7, 12, 76], and the references therein) and is known to
yield nearly dimension-free rates in certain constrained optimization problems. The following
definition extends the Bregman divergence (introduced first in [49]; also see [5, 10, 25, 44])
from the finite-dimensional Euclidean space to the infinite-dimensional 2-Wasserstein space.

DEFINITION 1 (Bregman divergence over probability measures). Given a function T :
P3¢(RY) — R which admits a well-defined first variation, we define the Bregman divergence
Sfunctional for T" as follows:

or

Br(pz|p1) :=T(p2) —=T(p1) — %(Pl)(fﬁ) (p2 = p1)(z) dz,
for probability density functions p1,p2 € PSC(Rd), provided the first variation is integrable

under p1, pa. We will refer to 1" as the mirror function.

The above definition of Bregman divergence on the 2-Wasserstein space is reminiscent of
the usual Euclidean Bregman divergence defined in (3.1). The main difference here is that
the role of the Euclidean derivative is played by the first variation. For notational clarity,
we use different letters B and D for divergences on the Wasserstein space and on the Eu-
clidean space, respectively. Below, we provide some examples of Bregman divergence over
probability measures.

EXAMPLE 1 (Entropy as mirror). The most popular example of Bregman divergence is
when the mirror is the entropy function H(p) := [ p(z)log p(x)dx, in which case

0H

Br(p2lp1) = H(p2) — H(p1) — E(Pl)(ﬁﬂ) (p2 — p1)(z) dz = K L(p2|p1) ,
for probability density functions p1, ps € PSC(Rd), provided the first variation is integrable

under p1, pa.
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EXAMPLE 2 (Wasserstein distance as mirror). Another example of Bregman divergence
that will be useful in this paper is for the function G(p) = (1/2)W2(p,e™9), where 9
is the reference distribution. To simplify the Bregman divergence for this example, we write
¢, to be a Brenier potential from p to e 9. It is known (see [66, Proposition 7.17] and [2,
Corollary 10.2.7]) that

5 )@ =3l - gy(a).

Therefore, the Bregman divergence of G is given by

1
Balpalon) =G(pa) = G(on) = [ (Gl = 0 @)) (2= p)a).
for probability densities py, p2 € P3(R?).

3.1. A New Three-Point Identity. The Bregman divergence function Bg(-|-) satisfies
non-negativity and can be expressed as the expectation of the standard Bregman divergence
with respect to an appropriate probability measure. We defer the reader to Lemmas B.1 and
B.2 in the Supplement [26] for further details. To keep the discussion streamlined, we present
the most important property of Bg(+|-) here, namely a new three-point identity, that will be
instrumental to our regret analysis. The proof is deferred to Section B of the Supplement [26].

LEMMA 3.1 (A new Bregman three-point identity). Consider probability densities
p1,p2, T € P(RY), and recall the definitions of G(-) = (1/2)W2(-,e79), its induced
Bg(:|"), and the Brenier potentials ¢,, for i = 1,2 as in Example 2. Define in addition
7y = (Vp,)#m for i = 1,2, and another Bregman divergence Bg_(+|-) induced by the func-
tion G (-) := (1/2)W3 (-, ). Set b, = ¢%, fori=1,2. Then

/(wpz = %)W) (m — e7?)(y)dy = Ba(lp1) = Ba(wlp2) + Ba, (mi|m2) -

Let us briefly examine why the above lemma will be useful in our regret bounds. We
will use it with pa = pi1 and p1 = pg (see (2.3)). The LHS will be the first-order term in
the expansion of the map p — KL(p|e™f) around pj. For the RHS, the term Bg(7|p1) —
Bg(w|p2) = Ba(w|pr) — Ba(7|prr1) will be a “telescoping term" as we vary k. The term
Bg. (m|ms) is for the “transportation cost" to go from p; to pa, or equivalently pg to pr41.
Curiously, note that the transportation cost does not use the same mirror map G but instead
requires a new mirror map G. Moreover, it is not directly a Bregman divergence between p;
and p but instead between the image of m under V¢, and V¢,,. Figure 1 summarizes the
maps and probability measures involved in the transportation cost term.

As a concrete example, we can simplify the identity in Lemma 3.1 when all the proba-
bility measures involved are Gaussians. Let 7 ~ N (0,02), e9 ~ N(0, 03), p1~ N(0,0?)
and py ~ N(0,03). Then ¢, (y) = (02/04)y and ¢, (y) = (01/04)y. As a result, m ~
N(0,(040x/01)?) and 72 ~ N (0, (040 /02)?). It is easy to check that

0.2
[ =) = )= oyt -0 (1- )

Further

loyg

Ba(lpy) =5 {ox = 01)?,  Ba(rlp2) =

lo
§£(UW _02) 9

1 1 1)\?
Bg_(m1|ma) = 50'90'7%0'2 ( — > .

Direct computations can now be used to verify Lemma 3.1.



Target Domain X’ Reference Domain Y
Vop,
P1 > e 9
Bg(p1 \pz)l
P2 2
Vo
P Bg, (r1lm)
s > ™
v(25/31
(. J (. J

FIG 1. The probability densities p1, pa, ™ live on the target domain X while the densities 71,7, e 9
live on the reference domain ). V¢, is the Brenier map from p; to e™9, i =1,2. As m; = Vo, #,
Brenier’s Theorem [11] implies that N ¢, is also the Brenier map from w to m;, for i = 1,2. The
telescoping term in Lemma 3.1, Bg(7|p1) — Ba(w|p2) involves densities p1, p2,m all of which live
on the target space. One might naturally expect the transportation cost to be Ba(p1|p2). In sharp
contrast, the corresponding term in Lemma 3.1 is B _(m1|m2) where m; lives on the reference domain
and is the image of m under the Brenier map V¢, i =1, 2.

REMARK 1. In the mirror descent literature on Hilbert spaces, analogs of the above
lemma are usually termed three-point inequalities or Bregman proximal inequalities; see [10,
Lemma 29], [19, Lemma 3.2], [47, Lemma 1]; also see [32, 55]. For instance, in the Euclidean
setting, the Bregman descent update for optimizing a function F': R — R with respect to a
mirror ¢ : R — R is given by

Vo (zgy1) = V() —meVF (k) .

For any z € R?, regret bounds for Euclidean mirror descent rely on the following three-point
identity:

(3.2)  (Vo(xr) = Vo(wps1), 2k — 2) = Dy (2|7k) — Dy (2|mk41) + Dy (k| Th11)

which relates the three points z,z; and xx,;. Lemma 3.1 can be viewed as an extension
of (3.2) to the 2-Wasserstein space which does not possess a Hilbert structure. Note that
Lemma 3.1 captures the relationship between five different measures =, 71,72, p1, P2, in-
stead of three. As m; is still a function of 7, p;, e~9, we continue to use the term “three-point
lemma” for Lemma 3.1; also see Figure 1. Moreover, in contrast to the RHS of (3.2) where
all the divergences use the same mirror ¢, the RHS of Lemma 3.1 requires the use of two
different mirrors G(-) = (1/2)W2(-,e™9) and G(-) = (1/2)WZ(-, 7). To the best of our
knowledge, the existing three-point equalities/inequalities for other forms of Bregman de-
scent on the 2-Wasserstein space, e.g. [5, Lemma 3], [39, Lemma 8], [48, Theorem 1], also
use the same mirror map on both the telescoping and the transportation cost terms. In that
sense, Lemma 3.1 is new and is particularly well suited to analyze the discretization (2.2).

3.2. Bregman and KL: Relative Convexity. Our next main result in this section introduces
a new notion of convexity for the KL. divergence with respect to the Bregman divergence
Bg(+]+). The proof is deferred to Section B in the Supplement [26].

LEMMA 3.2 (Bregman and KL: relative convexity). Consider the reference distribution
e~ 9 where g(-) is A-strongly convex. Further, let p be a probability density such that the
Brenier potential 1,(-) from e to p satisfies sup,, Amax(V2,(y)) < B, for some (3 > 0.
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Fix any absolutely continuous probability measure 7 such that the Brenier potential 1), from
e 9 to m is strictly convex and twice differentiable. We also assume that for any 1 <1 < d, it
holds that the map

y e 9 ((aﬂb;)(vlbw(y)) — ;)

vanishes as |y;| — oo. Then the following inequality holds:

KL(rlp) 2 Bo(rlp).

REMARK 2. Recall H(p) = [ p(x)log p(z)dz for p € P3¢(R%). The Bregman convexity
in Lemma 3.2 can be rewrltten as By (7|p) > (>\ /B)Bg(m|p). We believe it introduces a new
notion of convexity for the KL divergence. A crucial feature in our Lemma 3.2 is that we do
not require strong log-concavity on either m or p; we merely assume its Brenier potentials
Yy, 7 to be strongly convex, a much milder assumption.

The two most popular existing notions of convexity, namely geodesic convexity (see [2,
Chapter 9], [53]) which says K L(x|p) > (v/ 2)W2 (m,p) and generalized geodesic convexity
(see [2, Chapter 11], [65]) which says K L(w|p) > (v/2) f||ng* — Vi (y)||2e W) dy,
both require — logp to be y-strongly convex. However, since we apply Lemma 3.2 with
p = pk, such strong log-concavity is not available to us even if 1, and ] are uniformly
strongly convex.

Finally, we note that the strong convexity assumption of g(-) in Lemma 3.2 can be replaced
by the assumption Dg(y1|y2) > AD¢- (y2|y1) . This is evident from the proof of Lemma 3.2.
Such assumptions directly on divergences instead of metrics are common in the mirror de-
scent literature; see e.g., [22, Definition 10.2.8]. However, for ease of presentation, we stick
with the usual notion of strong convexity on g.

4. Regret and Convergence Analysis. In this section, we will discuss regret bounds
and convergence rates for pi (see (2.3)) as a function of the total number of iterations 7.

4.1. Average Iterate Convergence. We start by deriving a result that holds under very
weak assumptions and allows for large, constant step-sizes. We prove the KL distance be-
tween a weighted mixture of {p;}’s and e~/ converges to 0, at a O(T~!) rate. The proof is
deferred to Section C of the Supplement [26].

THEOREM 4.1. Suppose {wk}gzo are generated according to the discretization (2.2).
Then

(@.1) JE [k (V) = (V)] = =K L(pgle™) .

Next define St := Zg;ol i and the mixture distribution pp =3 1_, e 0 pi. We then have:
KL(prle ) <874 B [o(¥) ~dr(Y)]

~e
REMARK 3. Suppose we use time-invariant step-sizes, i.e., 7 = 1 for some n > 0. Then
Theorem 4.1 implies

KL(prle™) < — E_[o(Y) —wr(¥)],
’I7T Y ~e—9
thereby yielding a O(1/T) rate of convergence for pr to e/, if Ey .4 17(Y) is bounded
in T'. Note that Theorem 4.1 does not impose any convexity restrictions on f and g, nor does
it require strong convexity/smoothness of the Brenier potentials /. This result, inspired by
the Polyak-average scheme, also allows for large step-sizes.
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While Theorem 4.1 provides convergence of the average iterate pr to e/, it is more
natural to use the p, (for k large) directly to approximate e /. This is called the last iterate
convergence. In the sequel, we derive last iterate convergence under the additional regularity
assumptions on the Brenier potentials {1/ }x>0. A main technical tool is a new EVI that will
be used to conduct regret analyses.

4.2. New Evolution Variational Inequality. We now adopt a regret analysis approach
to study the theoretical guarantees of generative modeling with Monge-Ampere PDE. Our
method aligns with the tradition of online learning literature [18, 36, 69] and, in particular, is
inspired by [38], where EVIs were utilized to study regret bounds on the Wasserstein space.
To establish these regret bounds, the primary tool will be the Bregman divergence on the
Wasserstein space introduced in Section 3; specifically, refer to Definition 1.

Recall the Brenier potentials {1y, }x>0 from (2.2) and the corresponding probability den-
sities {pk } x>0 from (2.3). Our first main result in this section presents a new one-step EVI
that will be applied multiple times in deriving our final regret bounds.

LEMMA 4.1. Consider {wk} i—o generated from discretization (2.2). Assume that my, :=
inf )\mm(v Yr(y)) > 0, namely, the potentials 1y (-) are my-strongly convex. Define
Ek( ) ==V, ((f +log pr) (Vi (y))). Given any probability density m € P°(RY), let Ty, de-
note the probability density function of (Vi;)#m. In this setting, the following inequality
holds:

KL(pgle™) = KL(nle™)

<~ (Bo(rlpe) ~ Ba(wlprin) + 5% / 1€4() 2 (y)dy — K Lix|og)
Ul

PROOF. By a direct computation coupled with (2.2), we have:
KL(pgle™) = KL(xle™7)

= [+ 1o )@~ m)@)de — KL(xlp)

- [ = vy + - [ = 0@ ml)dy - KL (o)

By using Lemma 3.1 with 7, p; = pg, and p2 = pgt1, we note that:

42) / (rer — 1) (W) (m — ) (9)dy = Ba(r|or) — Ba(rlprss) + Ba, (milmesn)

where G () = (1/2)W2(-, 7). As a result,
KL(pkle™”) = KL(nle™7)

1
= [Ba(mlpr) — Ba(mlprr1) + Ba, (k|7 1)) — K L(7|pr) -

By Lemma B.2 in the Supplement [26], we further have

Be., (m|mk41) < %Sup Amax (V29541 (2)) /!V%Dkﬂ(y) — V() |1? 7 (y)dy

—1
772k (Hlf)\mm(v wk-l-l ) /Hgk || 7rk3

< )d
i [Py,
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where the equality in the second display uses Proposition A.2 in the Supplement [26] and
(2.2). By combining the above displays, we have the following:

KL(pgle™) = K L(nle™)

W)II*m(y)dy — K L(x]|p) -

This completes the proof. O

< L (Ba(rlp) - Ba(rlpren)) +
Nk

We note that EVIs are popular in the PDE literature and have been used in statistics to address
questions on optimization and sampling; see [28, 38, 65]. To the best of our knowledge, none
of these results cover EVIs with Bregman divergence over the space of probability measures.

4.3. Regret Bounds and Last Iterate Convergence. We now apply Lemma 4.1 to obtain
different regret bounds. The proofs are deferred to Section C of the Supplement [26]. We
present these bounds in progressive order by imposing slightly stronger regularity conditions
on the reference distribution e™¢ and the Brenier potentials {1y, }x>0. With more regularity
conditions, the regret bounds will be stronger.

Our first result provides a O(ﬁ)-regret bound that requires only a uniform lower bound
on the convexity of the Brenier potentials {1y, }r>0.

THEOREM 4.2. Recall the notation from Lemma 4.1. Suppose mj, > m and
J11€xW)1?mi(y)dy < A for all k=0,1,...,T + 1, and some m, A > 0. Then by choosing
ne="T" 1/ 2forallk:O,l,...,T, we get:

T

(K Lnle) - KL(ale) < VT Balalm) + 5 )

k=0

While Theorem 4.2 shows that O(+/T)-regret is attainable with time-invariant step-sizes,
it is natural to ask if the regret can be improved under stronger conditions. To wit, we note
that Theorem 4.2 only requires (i) uniform strong convexity of the potentials {t;} across
iterations £k =0,1,2,...,7, and (ii) uniform boundedness of the vector fields {&,} in the
L?%(m,) norm. So far, we have not imposed any smoothness conditions on the {1y }r>0. In
the following result, we show that under additional smoothness conditions on {¢ };>0 and a
strong log-concavity assumption on the reference e~9, logarithmic regret bound is attainable
under a carefully chosen sequence of time-varying step-sizes.

THEOREM 4.3. Recall the notation from Lemma 4.1. Given a probability density m €
P3¢(R?), let 1o denote a Brenier potential from e~ to 7. Also suppose Sup,, Amax(V2¢r(y)) <
My, for some My, > 0 (i.e., the potentials 1y, are My-smooth) and the map

y = e W (07)(Vbn(y)) — i)

vanishes as |y;| — oo, for all k =0,1,...,T. Finally, let e79 be a strongly log-concave
distribution where g(-) is A-strongly convex.

(i) Define the following:

k
1 _
Sk‘*‘l::)‘Zﬁ and nk::Skil.
. (2
1=

Then we have

1 T

T
—f < # 2
S (ckipute) - KLl ) <53 e [leP iy

k=0
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(ii) Now suppose that My, < M, my > m, and [||&,(y)||*mk(y)dy < A for all k =
0,1,...,T, and some m, M € (0,00). Then by choosing 77,;1 = (k+ 1)\/M, we have:
d 1AM
(KL(prle™) — KL(nle™)) < 53 (L+log (T +1)).
k=0

We emphasize that our O(logT')-regret bound does not assume that the target distribu-
tion e~/ is strongly log-concave or that it satisfies log-Sobolev or Poincaré type inequalities.
Instead, the time-independent constant in our bound depends on the ratio of the uniform
smoothness parameter M and the uniform strong convexity parameter m on Brenier’s poten-
tial ¢). This ratio M /m can be viewed as an analog of the condition number (see [57, 81])
in the absence of any functional inequality assumptions on the target e~/. Again, here we
merely require strong convexity/smoothness of the Brenier potential v, which is known to
be convex as a premise even for non-log-concave target distributions e 7. Therefore, our as-
sumptions are much weaker than log-concavity of e~/. While it may be possible to improve
the condition number dependence to /M /m by proposing an accelerated version of (2.2),
we leave that for future research.

REMARK 4. Note that the step-sizes chosen in Theorems 4.2 and 4.3 are fundamentally
different. While the former uses time-invariant step-sizes, the latter involves time-decaying
ones. Therefore, it is instructive to understand the average regret bounds in terms of the
effective time St = Zg;()l 0k, (defined earlier in Theorem 4.1). For Theorem 4.2, St =T
and the average regret

T
=3 (KL(ple™) - KL(ele)) =0(T71%) = 0(57").
k=0

So the average regret in this case decays polynomially. On the other hand, for Theorem 4.3,
St =~ logT and the average regret

T
% S (KL(pile™?) = KL(rle 1)) = O(T M og T) = O(Sre~57).
k=0

Therefore, in contrast to Theorem 4.2, the average regret in this case decays nearly at an
exponential rate in terms of the effective time.

REMARK 5. In [39, Theorem 2], the authors obtain a O(+/T)-regret bound (similar to
our Theorem 4.2) for a different mirror-descent-like algorithm, where the mirror map is also
a certain KL divergence functional. Unlike us, they impose a uniform logarithmic Sobolev
inequality type assumption on the KL divergence functional, which makes their approach
very different from ours. The same mirror-descent algorithm was also studied in [5], where
the authors assume a stronger version of Lemma 3.2 (both an upper and lower bound). How-
ever, the authors do not establish sufficient conditions as we do in Lemma 3.2. These papers
use fixed step-sizes and do not recover logarithmic regret bounds like our Theorem 4.3.

The final result in this section establishes the rate of convergence of the last iteration pr
to e~/ in terms of the Bregman divergence B, under the same assumptions that lead to
logarithmic regret in Theorem 4.3. The choice of step-sizes {7y, } is, however, different in the
two cases.
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THEOREM 4.4. Consider the same assumptions as in Theorem 4.3, part (ii).
(i) The update from py, to py1 satisfies the following asymptotic contraction:

1 Ba(e ™/ — Bg(e
limsup - G(e 'lpp1) — Bale Mlpk) o A

0 Mk Ba(e7|pr) - M

(ii) By choosing nj, = (CM Bg(e™f|po)logT)/(\T),Yk < T with C > 0, the following
holds for all large enough T' > 0:

_ 1 CM?AlogT _
Ba(e |pr) < <TCBG(e—fpo) + D T >Bg(e H1po).

The first part of Theorem 4.4 demonstrates an “asymptotic contraction” of the sequence
of probability measures {py }; that is, if ; — 0, then

Ba(e™ |prar) < (L= - /M + o(ni)) Ba(e | pi).

This implies that the local contraction rate of pj, is governed by the strong convexity param-
eter of g and the smoothness of the potentials {¢y}7_,. Naturally, if the strong convexity
parameter of g, specifically A, is small, or if the smoothness parameter M of the {1 }s is
large, the rate of asymptotic contraction slows down.

The second part concerns the last iterate convergence of rate O(7~!'logT). It presents a
non-asymptotic convergence rate of pr to e~/ under the Bregman divergence B (e~ /|pr).
When Bg(e™f|po) > 0, it indicates a nearly O(T~!) rate up to logarithmic factors, as the
first term in the bound can be made arbitrarily small by selecting C' large enough. Note that
this bound also captures the fact that if py and e~/ are close, then so are p7 and e~ 7.

5. Applications.

5.1. Generative Modeling and Neural-PDE. In this section, we demonstrate how the dis-
cretized parabolic Monge-Ampere PDE (2.2) can be used to design new generative modeling
algorithms, that is, learning to sample from a target measure x with density e~/ := dy/dz.
It turns out our discretized parabolic Monge-Ampere PDE integrates well with techniques
established in current generative modeling literature: (i) learning density-ratio through lo-
gistic regression as in GANs [34]; (ii) learning the score function via score matching as
in DPMs [42, 71]. Additionally, our discretized parabolic Monge-Ampere PDE can be im-
plemented as a neural PDE using a residual neural network architecture [40] with standard
auto-differentiation libraries.

Recall the discretized Monge-Ampere PDE (2.2); one crucial step for implementation is
to learn

(i) the log density-ratio function hy () := log(py(z) /e =), or
(ii) its derivative, namely the score functions my,(z) := V log (pj,(z) /e =),

given data X ~ e~/ and X ~ pr drawn i.i.d. from the target distribution and the simulated
distribution respectively.

The following two propositions directly address how to estimate each term, with the first
taken from [35, Proposition 1], and the second from [42, Theorem 1]. We shall design new
generative modeling algorithms with neural networks based on these two propositions, in-
spired by the discretized parabolic Monge-Ampere PDE.

Neural-PDE via Logistic Regression.
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PROPOSITION 5.1 (Log density-ratio via logistic regression). Let p,m € P3¢(R?) and
consider the following data-generating process (X, L) ~ ~: first, sample labels L =0 or 1
with equal probability, and then generate data given the label as X|L =0~ m and X|L =
1 ~ p. With the data (X, L) ~ =, define the logistic loss functional

L(h):= E [L log(l + e*hm) +(1-L) 1og(1 + eh(X)ﬂ _
(XvL)N'Y
Assume (p + 7)(z) > 0,V € RY, then the unique minimizer h* : R® — R of L(h) satisfies

h*(x) = log(p(z)/m(z)).

Proposition 5.1 provides a procedure to estimate the log-density-ratio: given i.i.d.
data X1, ,Xp~ef and X1, , X, ~ pp = (Vb )#e 9, augment to labeled data
{(Xi,L; = O) * U{(X;, L; = 1)}, and denote its empirical distribution as 7; specify a
neural network h(-;0):R* =R parametrrzed by 6 and solve

G.D
ﬁk() .= h(;0) ,where § € argmin | [Llog(1+e_h(x”9)) +(1—L)log(1+eh(X?9))} .
0 (X9L)N%k

The minimizer Ek approximates hg, the true log density-ratio function.

In practice, one can implement /ﬁk() with neural networks. This motivates a new gener-
ative modeling algorithm by iteratively refining the Brenier potential 1), with a new neural
network /i\rk, coupled with auto-differentiation, composition, and residual connections; See
Algorithm 1 below for details.

Neural-PDE via Score Matching.

PROPOSITION 5.2 (Score matching via Fisher divergence). Consider p € P5°(R?) and
the corresponding data score function V log p. Let x € R? and o ;(x) denote the i-th compo-
nent of a vector-valued function. Consider the Fisher divergence functional J (o)

T(@)=3 E [IVlogp(X) ~o(X)|].

Assume o is differentiable and that, Vi, p(x)oi(z) — 0 as |z;| — oo. Then

Zﬁaz )+ O'Z(X)2

-+ const .

XNp

Proposition 5.2 also sets forth the following procedure to estimate the score functions:

given iid. Xy, -, X, ~ pr = (Vi) #e 9, denote its empirical distribution py,, specify a
neural network o (-;w) : R? — R parametrized by w and solve

d
~ . . . 1
(52) ok()i=0(;w),where w € argmin E [ g 0;ioi(X;w) + iai(X;w)2

w o Xepe [T
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Algorithm 1: Monge-Ampere Neural-PDE via Logistic
Regression

Input : T, total number of steps; {7 } <7, the
step-sizes; initialize a neural network function
Yo : R4 - R, and set k = 0.

Output: A neural network function ¢ : R* — R, and

samples from (Viir)#e 9. o
while £ < T do
Sampling step: Given i.i.d. data X7,---, X, ~ e/,
sample X1, -+, Xy, ~ p. = (V¢ )#e™9, augment VvV h—— /};k id
to {(X;,L; =0)}", U{(X;,L; =1)}}",, and form
its empirical distribution as (X, L) ~ J;
Learning step: Estimate a neural network —
discriminator function ﬁk asin (5.1); Yr+1 = —nrhk o Vb + g
Neural Network update: Define a new neural
network with the residual architecture shown on the
right Y1 = —nrhy o Vi + 9y
Setk<+ k—+1;

end

The minimizer & approximates the score function V log py; similarly, one can solve for
o that approximates the data score function V loge~7, and define

(5.3) my =0, — 0.

This motivates a new generative modeling algorithm to refine the Brenier map nj := Vi,
by iteratively adding neural network maps 772 using a residual connection, coupled with
auto-differentiation and composition; we outline in Algorithm 2 below.

REMARK 6 (Parabolic Monge-Ampere discretizations in the literature). A discretization
similar to (2.2) was studied in [73, 74] with a time-invariant step-size sequence. However,
the authors do not establish any convergence bounds. To the best of our knowledge, the
integration of neural learning techniques from generative networks and score matching, as
described in this section, is also novel within the parabolic PDE literature. This approach
is practically useful because it avoids the otherwise cumbersome Hessian computation in
(2.2). Moreover, the use of parabolic PDEs in existing literature is primarily for adaptive
mesh generation (see [72, 14, 13]) to approximate solutions of other differential equations.
In that sense, the connection between parabolic Monge-Ampére and generative modeling is
also new.

5.2. Variational Formulation of Parabolic PDE. We first present a variational objective
that leads to the discretization (2.2). We will then use this variational objective to provide a
new perspective on variational inference and also propose a new closed form iterative scheme
for Gaussian variational inference.

Steepest Descent Interpretation. In Euclidean space, the forward gradient descent can be
viewed as the solution of a minimizing movement scheme involving an objective function
and a regularizer (the squared Euclidean distance). In this section, we show that the forward
discretization (2.2) can also be viewed as the solution of a variational problem that involves
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(1) an objective function, which will be the KL divergence to e~/ and (i) a regularizer which
will be a divergence on the space of probability measures (to be defined below). This is
in sharp contrast to usual Wasserstein gradient flows where the regularizer is the usual 2-
Wasserstein distance. To recast (2.2) as a variational problem, we will define the divergence
on the tangent set Tan.—, := {V):1 € C} C L?(e™9) where the closure is taken with
respect to the L?(e~9) norm.

Algorithm 2: Monge-Ampere Neural-PDE via Score
Matching
Input : T, total number of steps; {7 } <7, the
step-sizes; initialize a vector-valued neural
network ng : R4 — R?, and set k = 0.

QOutput: A vector-valued neural network function ny
ny : R? — R?, and samples from (ny)#e™9.
while k& < T do / \
Sampling step: Obtain i.i.d. samples from
pr = (ny)#e 9, form the empirical measure py; \VA ™ id

Learning step: Estimate a neural network score o as
in (5.2) and define the corresponding 72, as in (5.3) ;
Neural Network update: Define a new neural
network with the residual architecture shown on the N1 = =Nk V1, - (Mg o ny) + n
right ng 1 = —n,Vny - (my onyg) + ny , here
Vn : R4 — SiXd, and i, ony, : R — R% and <’
denotes the matrix-vector product ;
Setk<+ k—+1;

/
\

end

DEFINITION 2 (Linearized Wasserstein divergence). Let Vi1, Vipo € Tan.-o such that
V1 is twice differentiable and strictly convex. Then the linearized Wasserstein divergence

LDw%Vwmvwﬂ:=/vaxy%—VwﬂmYWv%m@»‘%vwxyy—vwmy»avwmy

We used the term linearized because without the inverse Hessian term, LDy is ex-
actly the popular linearized optimal transport distance in the literature; see [15, 61, 80].
On the other hand, we call it a divergence because if Vi and Vi), are “close”, then
LDy (Ve; Vh1) is the second-order approximation for the following expected Bregman
divergence By~ «[133 (Vi (V) — 55 (Vih1 () — (Vb (V) — Vibi (), Vi3 (Vb (V)]
(see Section 3 for more details on Bregman divergences). As a final step to defining the varia-
tional problem for (2.2), we reparametrize the KL divergence as a functional on Tan.-, i.e.,
define F/(Vi)) := KL((V))#e 9le).

PROPOSITION 5.3. Suppose V1 € Tan.—q is strictly convex and twice differentiable.
Also, assume that both f and g are twice differentiable and the map

[P 9 o(y)es
yH;/%%wmm%me”@



GENERATIVE MODELING VIA MONGE-AMPERE PDE 17

vanishes as |y;| — oo forall i =1,2,...,d, and all © € CZ°. Let
(5.4

Vi € argmin
VeL?(e—9)

- 5 = 1

(v ——F(V ,Vip =V — LDw (Vy; V

( ¢1)+<(5(V¢) ( w‘vwzvm (G ¢1> + o w (Vs Vi)
e—9

Then any optimizer V@Z) of the above variational problem satisfies the following stationary

condition:

Vi(y) — Vi (y) = =7V (f (V1 (y)) — g(y) — logdet (V1 (y)))

We defer the proof of Theorem 5.3 to Section D of the Supplement [26]. Note that the above
variational problem is reminiscent of preconditioned gradient descent [10, 50] and Newton
iterations [6, 17]. However, to the best of our knowledge, the above variational problem is
new in the literature, which makes our parabolic PDE-based approach different from con-
temporary mirror descent schemes on the 2-Wasserstein space, e.g., [5, 39, 44, 48].

Bayesian Variational Inference. Our discretized parabolic PDE (2.2) and the variational
interpretation in Theorem 5.3 can be leveraged to provide an alternate perspective on vari-
ational inference. A common computational challenge in Bayesian Statistics is to compute
integrals with respect to a complicated high-dimensional probability distribution, say our tar-
get e~/ Variational inference [9] has emerged as a computationally viable approximation.
At the core of variational inference is to find
py :=argmin K L(ple™7),

pEV
where V denotes a candidate variational family of distributions. These families are chosen
so that integrals against measures in ) are easy to compute. Popular examples of variational
families include:

(1) Gaussian variational inference [27, 45] - Here V is the family of d-dimensional Gaussian
distributions, i.e., V:= {N(m,%): m € R% ¥ € SiXd is symmetric positive definite}.
(i) Mean-field variational inference [43, 78] - Here V is the family of d-dimensional product

measures, i.e., V= {m ® ... ® mg: m; is a probability measure on R, 1 <1i < d}.

An alternate way of looking at the above variational inference problem is to formulate it in
terms of transport maps from a simple reference distribution e =9, say N (0, \2Id) for some
A > 0. So, instead of parameterizing with a family of distributions, we now parameterize with
a family of transport maps. We define

(5.5) Vips := argmin K L(Vpgte I)e /),
VyeS

where S C L?(e™9) is now a variational family of functions. Some natural examples would
include:

(i) Gaussian variational inference - Here
S:={Ay+m:meR?% Ac SiXd is symmetric positive definite}.
(i1)) Mean-field variational inference - Here

S :={(S1(y1),..-,S4(ya)) : Si : R — R is monotone increasing}.
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The above formulation in (5.5) should immediately remind us of the variational form intro-
duced in Theorem 5.3 as K L(Vi#e 9e~/) is exactly (V1)) from Theorem 5.3. There-
fore, we can iteratively solve (5.4) over a potentially nonparametric class of vector fields
SC L% 9),ie.,

(5.6)

0

5(Ve)
Here the first variation W‘w)ﬁ(vwk) is the variation restricted to the class S, i.e., for any

VoesS, <ﬁﬁ(vzpk), VO).-s =lime_ F(Vwﬁevee)_F(vw’“) . For parametric classes of
S such as in Gaussian variational inference, one could directly solve (5.6) over the natural
parameters p and A. In the univariate setting, the new Gaussian variational inference updates
are summarized in Algorithm 3.

Vg41 € argmin
VyeS

F(Vipy) + < F(Viby), Vi = wk> + 5 LDw(V4; Vi)

e 9

Algorithm 3: Gaussian Variational Inference

Input : 7, total number of steps; {7} k<> the step-sizes; e~ 9, density of
N(0,)2), X > 0, initializer (mg, o)
Output: Final mean and standard deviation (mz, o).

while k£ < T do
Update variational parameters:

(mk+1,0'k+1) — Gnk (mk,ak) where

Gy (t,s):= ( t— ?EYNN(O,,\Q) J;/((s//\)Y +1)) >
! s = 3 (5" Eynnoar) [ ((s/N)Y +1) — 1).

Setk+k+1
end

To heuristically see the validity of Algorithm 3, consider the case 1, = n in which case the
updates can be written as the fixed point iteration (my.y1,0x+1) = Gy(my, o)) where Gy (-, -)
is defined in Algorithm 3. Therefore, the limit (my, o) as k — oo, say (m, o) if it exists,
would satisfy (m, o) = G, (m, o). This simplifies to
E f(X)=0, and E ['(X)=07
X~N(m,o?) X~N(m,o?)

which are exactly the stationary conditions for (m,c?) arising as a solution of the Gaussian
variational inference problem; see [45, Equation 1.9]. In Section E of the Supplement [26],
we provide a numerical experiment that illustrates the performance of Algorithm 3.

6. Numerical Experiments. In this section, we provide a numerical example to demon-
strate the efficacy of our proposed algorithms toward sampling from a non-log-concave target.
To wit, we will use a Gaussian location mixture as our target distribution

(6.1) e @) = %qb(x—Z) +%¢(x+2),

where ¢(-) is the standard normal density. We initialize ¥(y) = 3?/2 and choose the ref-
erence e 9 to be the standard normal density. Note that the optimal transport from the
standard normal to the mixture (6.1) is given by

(6.2) Pi(y) =F o d(y),
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V2, transport map generated vs. target samples
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FIG 2. Oracle updates — The first and second plots track the evolution of the gradient and the Hessian, respec-
tively. The third plot compares the learned transport map at the final iterate with the target optimal transport map
from N(0,1) to the Gaussian mixture (6.1). The fourth plot compares the histograms between 10000 samples
Sfrom the mixture in (6.1) and 10000 samples from the push-forward measure Vpp#N (0, 1).

transport map generated vs. target samples

o Wy u
© Vyr Vyr#tv
0.20
4
2 0.15
3

F1G 3. Same as Figure 2 for oracle updates with distillation.

where ®(-) is the standard normal cumulative distribution function and F'(z) = (1/2)(®(x —
2) + ®(x 4 2)). The discrete updates from (2.2) can now be written as

(6.3) Yrer1(y) = Vr(y) + meAr(y) 5

1 1 1
Aul) = log ( 00UA) ~ 2+ 300040) +2)) + 327 + lou(v ).
under an appropriately chosen sequence of step-sizes which will be described below. We will
describe our experiments in four steps that highlight the practical challenges in discretization
and our proposed strategies for addressing them.

Oracle computation of (2.2) with batch auto-differentiation. In the first approach, we as-
sume access to the functional form of the target e~/ and we update the potentials analytically
from (6.3). All gradients and higher-order derivatives were computed using the automatic
differentiation module available in PyTorch (through the torch.autograd function).
The step-sizes are chosen adaptively as follows:

* We partition the range [—3, 3] into 1000 equally spaced parts. Suppose {ay,az, ..., a1000}

denotes the boundary points of the partition.
» Suppose that we have constructed up to 1, we then choose

(6.4) nk—lmax{max{—g(ai):A”(a')<0 1<¢<1000} 0.4}.

. 9 A ,1; (az) k\Ug sy >0 > 3

The above choice ensures that the double derivative of ;1 is strictly positive at the grid
points. The performance of the oracle procedure is illustrated in Figure 2. There are two
major challenges which arise in the above implementation:

(a) The higher-order derivatives are numerically unstable. This instability accumulates in
the Hessians of the potentials as can be seen in the second panel of Figure 2.
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(b) Computing the gradients and Hessians via backpropagation requires storing the full
computational graph which is memory intensive. In our experiments, we found it hard to go
beyond 7' =5 or 6 iterations. While the learned transport map after 5 iterations captures a
bimodal structure, the third and fourth panels of Figure 2 show that it is not reasonably close
to v, (see (6.2)).

Oracle computation of (2.2) with distillation. To address the numerical instabilities and
memory allocation issues with the oracle computation, we use a distillation step at every
iteration. The distillation decouples the computational graph and regularizes the instabilities.
It proceeds as follows: with the k-th iteration potential 1, we calculate the update direction
Aj(y) according to (6.3). Then we train a simple student network by minimizing

M
(6.5) ASUd ¢ 4rgmin % > (AL(Z;) — o' (Z;;0))%,
nn(+;0) j=1

where the above minimization is over nn(-; #), a three-layer neural network with two hidden
layers each of width 32 with weights 6 and Z, ..., Zy; "% Unif[—3, 3], with M = 500. The
above distillation step initializes the student network from a cold start and uses the Adam
optimizer for training. To guarantee smoothness, we choose the softplus activation function
(z +— log(1 + €*)) for the student network. We then update 151 = 1, + nkAztud with adap-
tive step-sizes from (6.4). This process is repeated recursively. It ensures that the gradients
and Hessians of )y, are stable. It also avoids the need to store a large computational graph
(growing exponentially with number of iterations), hence overcoming the memory allocation
issues. This allows us to run more iterations 7' = 10 with much less computational time. The
performance of this procedure is presented in Figure 3. In contrast to Figure 2, the gradients
and Hessians in Figure 3 are much more stable. Within 10 iterations, we observe very close
agreement between v, and 1/} in the third and fourth panels of Figure 3.

Algorithm 2 with distillation. Both of the above approaches rely on the knowledge of
the functional form of the target e~/. In practice, we only have access to samples, say

Xi,..., Xy " e=f In such a scenario, let us first discuss the performance of Algorithm 2
with n = 10000. In (5.2), we use a two hidden-layer neural network of width 32, and the soft-
plus activation function, to optimize the score-matching objective. We use the same adaptive
step-sizes as in (6.4) and distillation approach similar to (6.5). Figure 4 shows that the iter-
ates are much more stable than the analytic oracle updates. After 10 iterations, the learned
transport map 1}, is close to the optimal map ¢, in the interval [—3, 3], beyond which the
approximation deteriorates slightly (particularly for |y| > 3). A potential reason for this is
that the score matching approach tries to learn the score for the target (6.1) and the current
iterate distribution pj, = (v})#N(0,1) separately, without leveraging the fact that the two
scores are likely to be closer as the number of iterates increases. This limitation is overcome
by our next approach.

Algorithm 1 with distillation. Let us now discuss the performance of Algorithm 1. In (5.1),
we again use a two-hidden-layer neural network of width 32, and the softplus activation func-
tion, to optimize the logistic loss. We use the same adaptive step-sizes as in (6.4) and distilla-
tion approach as in (6.5). This time the distillation learns an estimate of the log density-ratio
via a simple student network, say AitUd. Figure 5 shows that the iterates (their gradients as
well as hessians) are stable. After 10 iterations, the learned transport map 1), nicely approx-
imates the true optimal map 1., better than in the previous score matching based approach,
particularly outside [—3, 3]. We believe this is because Algorithm 1 learns the logarithm of
the density ratio between the current distribution p;, = (¢ )#N(0,1) and the target (6.1)
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V2, transport map generated vs. target samples
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FIG 4. Same as Figure 2 for score matching based Algorithm 2 with distillation.
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FIG 5. Same as Figure 2 for logistic regression based Algorithm 1 with distillation.

directly (unlike in Algorithm 2 where the score functions are learned separately). Since this
log density-ratio gets closer to 0 as the number of iterations grows, it can be approximated
accurately using a simple neural network.

REMARK 7 (Effect of distillation). Let us consider our approach based on logistic
regression. Note that the distillation step attempts to approximate the log density-ratio
f +1og pr, with a simpler student network, say Ait”d. This approximation error can be trans-
ferred easily to our current regret bounds. In particular, if

/ (f +1og py — AT () (o, — ) () di = O(m),

where ny, denotes the step-size, then all our regret bounds and last iterate convergence bounds
continue to hold after adjusting for constants. In Section E of the Supplement [26], we discuss
another method to avoid long backpropagation chains that do not require distillation.

REMARK 8 (On termination criteria). A practical question is how to determine when
to terminate the proposed algorithms. One natural strategy is to assess whether the push
forward samples Vi (Y;), where Y; ~ N (0, 1) (for instance), are statistically indistinguish-
able from samples drawn from the target distribution. This can be done by performing a
two-sample hypothesis test (for example, an energy [75] or kernel-based test [37]) at a pre-
scribed significance level o. Alternatively, one may compute a discrepancy measure such as
the maximum mean discrepancy (see [37, Equation 3]) between the generated and target
samples, and monitor its decay across iterations. The iteration can then be stopped once
the maximum mean discrepancy falls below a user-defined tolerance, providing a simple and
data-driven convergence criterion.

Discussion and Future work. In this paper, we have introduced a new generative mod-
eling framework which draws a novel connection between a parabolic PDE ((2.1)) and prob-
abilistic sampling. We have proposed a time discretization for (2.1) and established different
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regimes of convergence rates to the target distribution, depending on smoothness assump-
tions and appropriate step-size choices. Our theoretical results include bounds on average
iterate (see Theorem 4.1), average regret (see Theorems 4.2 and 4.3) and last iterate (see
Theorem 4.4). In addition, we show how the discretization integrates nicely with neural net-
work based learning techniques from generative networks and score-based diffusion models
(see Section 5.1). Finally, we illustrate how the proposal naturally yields a new family of
variational inference algorithms. Overall, our proposal combines the ease of one-pass sam-
pling typically associated with GANs (generative adversarial networks) alongside the ease of
distribution learning associated with DPMs (diffusion-based probabilistic models).

While our paper is an early theoretical step towards bridging the gap between parabolic
PDE discretization and sampling, a number of interesting theoretical and practical questions
remain open. A few of them are discussed below.

1. Sample complexity bounds: Givendata X;,..., X, R , suppose the initial distribu-

tion pg is chosen to be the empirical measure n=* >, dx,. A natural question would be
to establish a sample complexity bound, i.e., given an € > 0, one must find n = n(e,e~7),
T =T(e,e~'), and appropriate step-sizes {nx}7_, such that K L(prle/) <e.

2. Structural estimation in high dimension: Empirically it is often observed that struc-
tural assumptions on e~/ can lead to faster convergence of generative models, particu-
larly when the dimension d is large. It would be theoretically challenging and practically
useful to establish such results for our proposed parabolic Monge-Ampere discretization.
Two natural structures one can impose are: (a) Low intrinsic dimension — Here the target
distribution is supported on some low-dimensional manifold. While this means the target
does not admit a Lebesgue density, we note that Algorithm 1 from Section 5.1 does not
require the existence of a density, and (b) Markov random field: Here the target has a den-
sity e~/ but the (conditional) dependence structure is governed by an underlying sparse
graph. A canonical example would be a standard Markov chain.

3. Optimal transport map estimation: There has been extensive research in recent years to-
wards constructing computationally tractable estimators of optimal transport maps. While
the Sinkhorn algorithm shows tremendous potential, establishing statistical convergence
rates for a Sinkhorn-based estimator, under smoothness/structural conditions, remains
open. Since the parabolic PDE targets the optimal transport map from e~9 to e/, our
proposed discretizations yield an estimator (say V?]}T) of this optimal transport map. It
would be interesting to explore whether one can establish sample complexity bounds un-
der the popular metric | Vijr — Vipoo| 12(e-9)> and show that it offers fast convergence
under structural/smoothness assumptions on e 7.

4. Empirical validation on high-resolution image data: Diffusion based generative models
are popularly used to generate high-resolution images. It would be interesting to explore
empirically how well our proposed algorithms perform in such image generation exper-
iments. There are interesting practical challenges that arise while working with images,
such as (a) potential violation of smoothness assumptions required for Theorems 4.2, 4.3,
and 4.4, (b) designing structured neural networks that exploit potential low-dimensional
nature of images, and (c) tuning the step-size sequence adaptively.
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SUPPLEMENTARY MATERIAL

Supplement to “No-Regret Generative Modeling via Parabolic Monge-Ampére PDE"
In the Supplementary file [26], we provide proof of all results in this paper, certain important
auxiliary results, and a numerical experiment.
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