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We introduce a novel generative modeling framework based on a dis-
cretized parabolic Monge-Ampère PDE, which emerges as a continuous limit
of the Sinkhorn algorithm commonly used in optimal transport. Our method
performs iterative refinement in the space of Brenier maps using a mirror gra-
dient descent step. We establish theoretical guarantees for generative mod-
eling through the lens of no-regret analysis, demonstrating that the iterates
converge to the optimal Brenier map under a variety of step-size schedules.
As a technical contribution, we derive a new Evolution Variational Inequality
tailored to the parabolic Monge-Ampère PDE, connecting geometry, trans-
portation cost, and regret. Our framework accommodates non-log-concave
target distributions, constructs an optimal sampling process via the Brenier
map, and integrates favorable learning techniques from generative adversar-
ial networks and score-based diffusion models. As direct applications, we
illustrate how our theory paves new pathways for generative modeling and
variational inference.

1. Introduction. Probabilistic generative models have demonstrated impressive empiri-
cal performance in modeling complex probability distributions for tasks deemed challenging
under conventional statistical frameworks. Over the past decade, many probabilistic genera-
tive models have been proposed and analyzed, partly inspired by the theory of optimal trans-
port (OT), including generative adversarial networks (GANs) [4, 34, 41, 51, 56], as well as
flow-based and diffusion-based probabilistic models (DPMs) [20, 21, 52, 54, 70, 71], among
others.

At a high level, GANs and DPMs aim to model and learn the push-forward map between
a reference distribution ν, which is easy to sample from, such as a Gaussian distribution, and
the target probability distribution µ. With the learned push-forward map τ , one can generate
new samples X from the target distribution by transforming fresh samples Y ∼ ν, specifi-
cally X = τ (Y ). Despite abundant empirical evidence demonstrating their effectiveness in
practice, these generative models possess certain unfavorable theoretical limitations, which
we discuss below.

(i) Ease of sampling: GANs model the push-forward map as a one-step map, namely µ =
τ#ν, where sampling is easy; DPMs, on the other hand, represent the push-forward map
as a composition of a series of non-linear transformations, expressed as µ = (τ 1 ◦ τ 2 ◦
· · · ◦ τT )#ν, where sampling is less transparent since it requires inverting a sequence of
non-linear maps known as denoising steps.

(ii) Ease of learning: Brenier’s theorem [11] demonstrates that the optimal transport map
τ =∇ψ corresponds to a convex potential ψ. However, it is known in GANs that enforcing
convexity constraints to regularize learning presents technical challenges. Additionally,
learning the one-step map from uncoupled data X ∼ µ,Z ∼ ν proves difficult. In contrast,
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DPMs propose decomposing the task into a sequence of sub-tasks where each map is a
small deviation from the identity map, namely τ k ≈ id, k = 1, . . . , T . Furthermore, for
each step k, the deviation τ k − id can be learned reliably from coupled data constructed
using diffusions.

In this paper, we introduce a novel generative modeling framework inspired by parabolic
Monge-Ampère partial differential equation (PDE), a nonlinear PDE that naturally arises in
OT as the limit of the Sinkhorn algorithm. Notably, our theoretical framework simultaneously
integrates the ease of sampling and the ease of learning, two key features discussed earlier.

The core idea is as follows: we refine the Brenier map ∇ψk iteratively using a discretized
version of a mirror gradient flow, thus constructing a chain ∇ψ1,∇ψ2, . . . ,∇ψT

T→∞→ ∇ψ.
In particular, let f(x) :=− log(dµ/dx) be the target density, and define the density at step k
as ρk := (∇ψk)#e−g with g(x) :=− log(dν/dx). We then study the following vector field
iterations

∇ψk+1 −∇ψk
ηk

=−ξk, where ξk :=∇
(
log

(
ρk/e

−f
)
◦∇ψk

)
.

Here, ξk resembles a (preconditioned) gradient step under a (local) mirror geometry. Equiv-
alently, the Brenier potential admits an iterative refinement of the form of a (discretized)
Monge-Ampère PDE,

ψk+1 −ψk
ηk

=−f ◦∇ψk + g+ logdet
(
∇2ψk

)
,

which is the limit of the Sinkhorn algorithm under certain scalings [8, 25]. We note that
explicitly evaluating the log det term in the above display can be avoided either by using the
classification trick (see Theorem 5.1) or the score-matching trick (see Theorem 5.2).

Two modeling advantages of our idea are: (i) our iterative refinement acts directly on the
space of Brenier maps, and thus the limit (∇ψT )#ν

T→∞→ µ provides an optimal one-step
sampling of the target measure in the context of Brenier’s theorem; (ii) at each iteration,
one can learn the gradient ξk without worrying about enforcing notions of convexity/cyclic
monotonicity. The convexity of ψk+1 will follow as a consequence of the convexity of ψk
and the small step-size ηk. These speak to the ease of sampling and learning, respectively.

As for theoretical contributions, we provide a refined no-regret analysis for the proposed
generative modeling framework, without requiring the target distribution µ to be log-concave.
Our regret analysis provides new technical tools to study generative models by introduc-
ing a new Evolution Variational Inequality (EVI) [2, 38, 65]—which connects geometry,
transportation cost, and regret—tailored to the parabolic Monge-Ampère PDE. Our novel
regret analysis significantly expands the theory of generative models to accommodate non-
log-concave measures.

1.1. Organization. In Section 2, we provide background and motivation for parabolic
Monge-Ampère PDE. In Section 3, we introduce and study the properties of Bregman di-
vergence on the space of probability measures, as it serves as the key geometry with respect
to which we shall study convergence. Specifically, Section 3.1 features a new three-point
identity for Bregman divergences, while Section 3.2 presents a new notion of convexity of
the KL divergence with respect to a Wasserstein Bregman divergence (introduced in Exam-
ple 2 below). In Section 4, we present all our convergence and regret analyses: (i) Section 4.1
provides guarantees for average iterate convergence, (ii) Section 4.2 introduces a new EVI
for the KL and Bregman divergences, and (iii) Section 4.3 contains regret bounds and non-
asymptotic rates for the last iterate. In Section 5, we discuss how our proposed discretized
parabolic PDE can be employed to design novel algorithms for generative modeling (see
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Section 5.1) and variational inference (see Section 5.2). In Section 6, we demonstrate the
efficacy of our algorithms in sampling from a Gaussian mixture and provide a number of
practical guidelines for stability, memory, and running time efficiency. The supplementary
file [26] contains the proofs of all our main results and an additional numerical experiment.

1.2. Notations. We will write e−f for the density of our target distribution µ supported
on some X ⊆Rd and e−g for the density of the reference distribution ν supported on Y ⊆Rd.
Typically for simple e−g like the Gaussian, we will have Y = Rd. To help the reader distin-
guish between the domains, all integrals on X will be over the variable x and all integrals on
Y will be over the variable y. Only µ,ν are reserved for probability measures, and the other
Greek symbols ρ and π (with subscripts) will always refer to probability densities. All vector
fields will be denoted using boldface notation, for instance, ξ,τ :Rd→Rd.

The push-forward τ#µ for a vector field τ denotes the distribution of τ (X) when X ∼ µ.
With slight notational abuse, we will sometimes directly apply the # notation on a proba-
bility density, say ρ, in which case τ#ρ will also denote a density function. KL(ρ|π) and
W2(ρ,π) denote the standard KL divergence and the Wasserstein distance between ρ and π,
respectively. For densities π and ρ, we will use the standard definitions of Brenier potentials
and Brenier maps between π and ρ from [77, Theorem 2.12]. Typically, these potentials will
be represented with ϕ or ψ (and the corresponding maps by ∇ϕ and ∇ψ), with appropri-
ate indexing to make the probability measures involved transparent. Pac

2 (Rd) will denote the
space of probability densities supported on some subset of Rd with finite second moments,
and we will sometimes refer to it as the 2-Wasserstein space.

Given a continuously differentiable function ψ : Rd → R, we write its Fenchel dual as
ψ∗(x) = supy∈Y(⟨x, y⟩ − ψ(y)). We will call a twice differentiable function ψ : Rd→ R a
m-strongly convex function if infy λmin(∇2ψ(y))≥m. Similarly, we will call it M -smooth
if supy λmax(∇2ψ(y)) ≤M . Here λmin and λmax denote the minimum and the maximum
eigenvalues of a matrix. The following function spaces will be used: (i) C2 for twice contin-
uously differentiable functions, (ii) C∞c for infinitely differentiable functions with compact
support, and (iii) L2(ρ) for square integrable functions with respect to some probability den-
sity ρ. Given a functional F : U → R for some function space U , δF

δu will denote the first
variation/Gateaux derivative of F at u. Finally Sd×d+ will denote the set of d× d symmetric
positive semi-definite matrices; for instance, ∇2ψ(y) ∈ Sd×d+ ,∀y ∈ Y .

2. Parabolic Monge-Ampère PDE. Recall that we wish to sample from a complicated
target distribution with density e−f ∈ Pac

2 (Rd). We also have a reference distribution with
density e−g ∈ Pac

2 (Rd), which is easy to sample from, for instance, a standard Gaussian. By
Brenier’s Theorem [11, 58], there exists a Brenier potential ψ :Rd→R such that∇ψ#e−g =
e−f . The corresponding (static) Monge-Ampère equation [3, 60] thus reads:

−f(∇ψ(y)) + g(y) + logdet
(
∇2ψ(y)

)
= 0 .

Learning∇ψ is particularly useful for sampling as one can generate samples from e−f by first
sampling from Y ∼ e−g (say a Gaussian) and then applying the optimal transform ∇ψ(Y ).
However, as the above is a non-linear second-order PDE, given e−f and e−g , solving the
equation for ∇ψ is highly computationally intensive. An alternate approach adopted in the
PDE literature is to study instead the natural dynamic version, that is, the parabolic PDE

∂ψt
∂t

(y) =−f(∇ψt(y)) + g(y) + log det(∇2ψt(y)) .(2.1)

The existence of solutions, uniqueness, smoothness, and exponential convergence of ∇ψt→
∇ψ as t→∞ have been studied extensively in the PDE literature; see e.g. [1, 8, 46]. There-
fore, {∇ψt}t≥0 can be viewed as a continuum of iterative refinements of some initial map
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∇ψ0 : Rd → Rd, eventually leading to the target Brenier map ∇ψ. Furthermore, define
ρt := ∇ψt#e−g . Then by sampling Y ∼ e−g , ∇ψt(Y ) ∼ ρt ≈ e−f (see [25]). Therefore,
∇ψt(Y ) can be viewed as an approximate one-step sample from the target density e−f , for
large t. Due to these favorable properties of the parabolic PDE (2.1), it is natural to study
an implementable time discretization of (2.1). In this paper, we therefore study the following
natural (forward) update rule:

ψk+1(y)−ψk(y)
ηk

=−f(∇ψk(y)) + g(y) + logdet
(
∇2ψk(y)

)
=−f(∇ψk(y))− logρk(∇ψk(y))(2.2)

where {ηk}k≥0 denotes the set of step-sizes, ψ0 : Rd→ R is some strongly convex func-
tion, and

ρk := (∇ψk)#e−g.(2.3)

In this paper, we study the choice of step-sizes ηk, and its effect on the convergence of ρk→
e−f . The implementation of (2.2) based on neural networks is possible using a classification
technique as in [35, Proposition 1], or a score matching technique as in [42, Theorem 1]; we
will discuss these in detail in Section 5.

Beyond the natural connections to the Monge-Ampère equation, the continuous and dis-
crete systems (2.1) and (2.2) have several compelling properties that make them useful for
applications. We present a few of them below: (i) they can lead to faster flows in the sim-
ple Gaussian setting than perhaps the widely studied dynamical system, namely the canon-
ical Fokker-Planck equation [29, 62]; (ii) they are closely related to the dynamics of the
celebrated Sinkhorn algorithm [23, 31]; (iii) they can be viewed as steepest descent of the
KL(·|e−f ) functional with respect to a certain weighted local L2-metric; (iv) they can be
used to construct novel generative learning algorithms that combine ease of sampling with
ease of learning as mentioned in the introduction; and (v) they provide a new paradigm for
variational inference. The first two points will be discussed in this section, while the latter
three are deferred to Section 5.

2.1. Illustrative Example for Gaussians. We provide a simple example on the rate of
convergence of the aforementioned parabolic PDE when both e−f and e−g are densities of
centered univariate Gaussians, say N(0,1) and N(0, λ2), λ < 1. Suppose that ψ0(y) = y2/2.
The continuous time system (2.1), after taking an additional space derivative then reduces to

∂ψ′
t(y)

∂t
=−ψ′′

t (y)ψ
′
t(y) +

1

λ2
y+

ψ′′′
t (y)

ψ′′
t (y)

.

As ψ′
0 is linear, it is easy to check that all ψ′

ts are linear. So, let ψ′
t(y) = cty for some ct.

The above differential equation then becomes a Riccati equation ċt =−c2t + 1
λ2 with c0 = 1,

which implies ct = (1/λ) tanh
(
(t/λ) + tanh−1(λ)

)
. Writing ρt = (ψ′

t)#e
−g gives that ρt is

the density of the N(0, σ2t ) distribution where σt = tanh
(
(t/λ) + tanh−1(λ)

)
. It is easy to

check that for the standard Fokker-Planck system, the corresponding solution, say ρF (t) is
the density of N(0, σ2F,t) where σ2F,t = 1− (1− λ2)e−2t. As a result,

1− σ2F,t
1− σ2t

=
1− λ2

4

(
e−t(1+λ

−1)−tanh−1(λ) + et(λ
−1−1)+tanh−1(λ)

)2
→∞ as t→∞ ,
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because λ < 1. Therefore, σ2t converges to the target variance 1 faster than the Fokker-Planck
variance σ2F,t. For the discretization scheme (2.2), it can be shown that the ρk’s (see (2.3)),
under appropriate initialization, are all centered Gaussian distributions, and the variance con-
verges to the target variance 1 locally at an exponential rate. For brevity, we defer further
details to Section A in the Supplement [26].

In the sequel, we provide in Section 4 global regret analyses of the discretization (2.2)
under general assumptions on e−f and e−g , extending far beyond Gaussianity and log-
concavity.

2.2. Connection to Sinkhorn. The exploding literature on generative modeling in recent
years has witnessed state-of-the-art methods that rely on entropy regularized optimal trans-
port (EOT); see e.g. [16, 24, 33, 79]. Given a temperature parameter ϵ > 0, the EOT problem
is given by

(2.4) πϵ := argmin
π∈Π(e−f ,e−g)

{
1

2

∫
∥x− y∥2γ(x, y)d(x, y) + ϵKL(γ|e−f ⊗ e−g)

}
,

where Π(e−f , e−g) denotes the class of probability densities on Rd×Rd with marginal den-
sities e−f and e−g . The optimal πϵ from (2.4) is also referred to as the (static) Schrödinger
Bridge (see [68]) between e−f and e−g . By [30, 64], it is known that there exist poten-
tials ϕϵ and ψϵ such that πϵ(x, y) = exp

(
1
ϵ ⟨x, y⟩ −

1
ϵϕ

ϵ(x)− 1
ϵψ

ϵ(y)− f(x)− g(y)
)
. As

πϵ ∈Π(e−f , e−g), both ϕϵ and ψϵ will satisfy certain fixed point equations. In particular, the
equation for ψϵ is given by

ψϵ(y) = Vϵ[ψϵ](y),

where

Vϵ[ψϵ](y) := ϵ log

∫
exp

(
1
ϵ ⟨x, y⟩

)∫
exp

(
1
ϵ ⟨x, y′⟩ −

1
ϵψ

ϵ(y′)− g(y′)
)
dy′

e−f(x)dx .

Perhaps the most popular algorithm for solving (2.4) is the Sinkhorn algorithm (see [63,
23]) which solves for ϕϵ, ψϵ, πϵ using a natural iterative procedure to get {ϕϵk,ψϵk, πϵk}k≥0. In
particular, following the Vϵ notation above, the ψϵks are updated as

(2.5) ψϵk+1 = Vϵ[ψϵk](y) .

The parabolic PDE (2.1) can now be viewed as the scaling limit of the Sinkhorn algorithm in
the low temperature regime ϵ→ 0 when the number of iterations k scales like t/ϵ for some
t > 0. The following proposition (also see [8, Lemma 4.2] and [25, Lemma 4.6]) demon-
strates why such a scaling limit is natural. We provide a proof in Section A of the Supplement
[26] that is self-contained.

PROPOSITION 2.1. Suppose ψ :Rd→R is a uniformly strongly convex C2 function. Let
ψ̃ϵ(y) := Vϵ[ψ](y). Then, as ϵ→ 0, we have:

lim
ϵ→0

ψ̃ϵ(y)−ψ(y)
ϵ

=−f(∇ψ(y)) + g(y) + logdet
(
∇2ψ(y)

)
.

Assuming that the Sinkhorn iterates {ψϵk}’s are C2 smooth and strongly convex, Theo-
rem 2.1 coupled with the Sinkhorn update rule (2.5) yields the following approximation

ψϵk+1(y)−ψϵk(y)
ϵ

≈−f(∇ψϵk(y)) + g(y) + logdet
(
∇2ψϵk(y)

)
,
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which approximately coincides with our discretization scheme (2.2) with constant step-sizes
ηk = ϵ. Moreover, the above display implies that ψεk+1 and ψεk are O(ε) apart. As a result, by
running the Sinkhorn algorithm for k = t/ϵ iterations, we expect to get a limiting curve, call it
{ψt}t≥0. Using similar heuristics as used in the discretization of the Cauchy problem [59, 67],
we expect that the LHS ϵ−1(ψϵt/ϵ+1(y)− ψ

ϵ
t/ϵ) will converge to the time derivative ∂tψt(y)

whereas the RHS −f(∇ψϵt/ϵ(y)) + g(y) + logdet
(
∇2ψϵt/ϵ(y)

)
should converge to the neg-

ative descent direction −f(∇ψt(y)) + g(y) + logdet
(
∇2ψt(y)

)
. This yields the parabolic

PDE in (2.1).

3. Bregman Divergences over Probability Measures. Our regret approach to studying
the discretized parabolic Monge-Ampère equation (and its application to generative model-
ing) relies on a novel three-point identity that delineates geometry, transportation cost, and
regret. This key analytic tool depends on the concept of Bregman divergences on the 2-
Wasserstein space. To motivate it, we recall the definition of Bregman divergence on the
standard Euclidean space — For a diffeomorphism ϕ(·) and its Fenchel conjugate ϕ∗(·),
define

Dϕ(x|∇ϕ∗(y)) := ϕ(x)− ϕ(∇ϕ⋆(y))− ⟨y,x−∇ϕ∗(y)⟩= ϕ(x) + ϕ∗(y)− ⟨x, y⟩ .(3.1)

It is easy to check that if ϕ(·) is strictly convex, then Dϕ(x|∇ϕ∗(y)) ≥ 0 with equality if
and only if x=∇ϕ∗(y). The Bregman divergence is a fundamental notion in the celebrated
field of Euclidean mirror descent (see [7, 12, 76], and the references therein) and is known to
yield nearly dimension-free rates in certain constrained optimization problems. The following
definition extends the Bregman divergence (introduced first in [49]; also see [5, 10, 25, 44])
from the finite-dimensional Euclidean space to the infinite-dimensional 2-Wasserstein space.

DEFINITION 1 (Bregman divergence over probability measures). Given a function Γ :
Pac
2 (Rd)→R which admits a well-defined first variation, we define the Bregman divergence

functional for Γ as follows:

BΓ(ρ2|ρ1) := Γ(ρ2)− Γ(ρ1)−
∫
δΓ

δρ
(ρ1)(x) (ρ2 − ρ1)(x)dx ,

for probability density functions ρ1, ρ2 ∈ Pac
2 (Rd), provided the first variation is integrable

under ρ1, ρ2. We will refer to Γ as the mirror function.

The above definition of Bregman divergence on the 2-Wasserstein space is reminiscent of
the usual Euclidean Bregman divergence defined in (3.1). The main difference here is that
the role of the Euclidean derivative is played by the first variation. For notational clarity,
we use different letters B and D for divergences on the Wasserstein space and on the Eu-
clidean space, respectively. Below, we provide some examples of Bregman divergence over
probability measures.

EXAMPLE 1 (Entropy as mirror). The most popular example of Bregman divergence is
when the mirror is the entropy function H(ρ) :=

∫
ρ(x) logρ(x)dx, in which case

BH(ρ2|ρ1) =H(ρ2)−H(ρ1)−
∫
δH

δρ
(ρ1)(x) (ρ2 − ρ1)(x)dx=KL(ρ2|ρ1) ,

for probability density functions ρ1, ρ2 ∈ Pac
2 (Rd), provided the first variation is integrable

under ρ1, ρ2.
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EXAMPLE 2 (Wasserstein distance as mirror). Another example of Bregman divergence
that will be useful in this paper is for the function G(ρ) := (1/2)W 2

2 (ρ, e
−g), where e−g

is the reference distribution. To simplify the Bregman divergence for this example, we write
ϕρ to be a Brenier potential from ρ to e−g . It is known (see [66, Proposition 7.17] and [2,
Corollary 10.2.7]) that

δG

δρ
(ρ)(x) =

1

2
∥x∥2 − ϕρ(x) .

Therefore, the Bregman divergence of G is given by

BG(ρ2|ρ1) =G(ρ2)−G(ρ1)−
∫ (

1

2
∥x∥2 − ϕρ1(x)

)
(ρ2 − ρ1)(x)dx ,

for probability densities ρ1, ρ2 ∈ Pac
2 (Rd).

3.1. A New Three-Point Identity. The Bregman divergence function BG(·|·) satisfies
non-negativity and can be expressed as the expectation of the standard Bregman divergence
with respect to an appropriate probability measure. We defer the reader to Lemmas B.1 and
B.2 in the Supplement [26] for further details. To keep the discussion streamlined, we present
the most important property of BG(·|·) here, namely a new three-point identity, that will be
instrumental to our regret analysis. The proof is deferred to Section B of the Supplement [26].

LEMMA 3.1 (A new Bregman three-point identity). Consider probability densities
ρ1, ρ2, π ∈ Pac

2 (Rd), and recall the definitions of G(·) = (1/2)W 2
2 (·, e−g), its induced

BG(·|·), and the Brenier potentials ϕρi for i = 1,2 as in Example 2. Define in addition
πi := (∇ϕρi)#π for i= 1,2, and another Bregman divergence BGπ

(·|·) induced by the func-
tion Gπ(·) := (1/2)W 2

2 (·, π). Set ψρi = ϕ∗ρi for i= 1,2. Then∫
(ψρ2 −ψρ1)(y)(π1 − e−g)(y)dy =BG(π|ρ1)−BG(π|ρ2) +BGπ

(π1|π2) .

Let us briefly examine why the above lemma will be useful in our regret bounds. We
will use it with ρ2 = ρk+1 and ρ1 = ρk (see (2.3)). The LHS will be the first-order term in
the expansion of the map ρ 7→ KL(ρ|e−f ) around ρk. For the RHS, the term BG(π|ρ1) −
BG(π|ρ2)≡ BG(π|ρk)−BG(π|ρk+1) will be a “telescoping term" as we vary k. The term
BGπ

(π1|π2) is for the “transportation cost" to go from ρ1 to ρ2, or equivalently ρk to ρk+1.
Curiously, note that the transportation cost does not use the same mirror map G but instead
requires a new mirror map Gπ . Moreover, it is not directly a Bregman divergence between ρ1
and ρ2 but instead between the image of π under ∇ϕρ1 and ∇ϕρ2 . Figure 1 summarizes the
maps and probability measures involved in the transportation cost term.

As a concrete example, we can simplify the identity in Lemma 3.1 when all the proba-
bility measures involved are Gaussians. Let π ∼ N(0, σ2π), e

−g ∼ N(0, σ2g), ρ1 ∼ N(0, σ21)

and ρ2 ∼ N(0, σ22). Then ψ′
ρ2(y) = (σ2/σg)y and ψ′

ρ1(y) = (σ1/σg)y. As a result, π1 ∼
N(0, (σgσπ/σ1)

2) and π2 ∼N(0, (σgσπ/σ2)
2). It is easy to check that∫

(ψρ2 −ψρ1)(y)(π1 − e−g)(y)dy =
1

2
σg(σ1 − σ2)

(
1− σ2π

σ21

)
.

Further

BG(π|ρ1) =
1

2

σg
σ1

(σπ − σ1)2, BG(π|ρ2) =
1

2

σg
σ2

(σπ − σ2)2,

BGπ
(π1|π2) =

1

2
σgσ

2
πσ2

(
1

σ1
− 1

σ2

)2

.

Direct computations can now be used to verify Lemma 3.1.
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Target Domain X

ρ1

ρ2

π

Reference Domain Y

e−g

π2

π1

∇ϕρ1

∇ϕρ2
∇ϕρ2

∇ϕρ1

BG(ρ1|ρ2)

BGπ
(π1|π2)

FIG 1. The probability densities ρ1, ρ2, π live on the target domain X while the densities π1, π2, e−g

live on the reference domain Y . ∇ϕρi is the Brenier map from ρi to e−g , i= 1,2. As πi =∇ϕρi#π,
Brenier’s Theorem [11] implies that ∇ϕρi is also the Brenier map from π to πi, for i = 1,2. The
telescoping term in Lemma 3.1, BG(π|ρ1)−BG(π|ρ2) involves densities ρ1, ρ2, π all of which live
on the target space. One might naturally expect the transportation cost to be BG(ρ1|ρ2). In sharp
contrast, the corresponding term in Lemma 3.1 is BGπ

(π1|π2) where πi lives on the reference domain
and is the image of π under the Brenier map ∇ϕρi , i= 1,2.

REMARK 1. In the mirror descent literature on Hilbert spaces, analogs of the above
lemma are usually termed three-point inequalities or Bregman proximal inequalities; see [10,
Lemma 29], [19, Lemma 3.2], [47, Lemma 1]; also see [32, 55]. For instance, in the Euclidean
setting, the Bregman descent update for optimizing a function F : Rd→ R with respect to a
mirror ϕ :Rd→R is given by

∇ϕ(xk+1) =∇ϕ(xk)− ηk∇F (xk) .

For any z ∈Rd, regret bounds for Euclidean mirror descent rely on the following three-point
identity:

⟨∇ϕ(xk)−∇ϕ(xk+1), xk − z⟩=Dϕ(z|xk)−Dϕ(z|xk+1) +Dϕ(xk|xk+1) ,(3.2)

which relates the three points z,xk and xk+1. Lemma 3.1 can be viewed as an extension
of (3.2) to the 2-Wasserstein space which does not possess a Hilbert structure. Note that
Lemma 3.1 captures the relationship between five different measures π,π1, π2, ρ1, ρ2, in-
stead of three. As πi is still a function of π,ρi, e−g , we continue to use the term “three-point
lemma” for Lemma 3.1; also see Figure 1. Moreover, in contrast to the RHS of (3.2) where
all the divergences use the same mirror ϕ, the RHS of Lemma 3.1 requires the use of two
different mirrors G(·) = (1/2)W 2

2 (·, e−g) and Gπ(·) = (1/2)W 2
2 (·, π). To the best of our

knowledge, the existing three-point equalities/inequalities for other forms of Bregman de-
scent on the 2-Wasserstein space, e.g. [5, Lemma 3], [39, Lemma 8], [48, Theorem 1], also
use the same mirror map on both the telescoping and the transportation cost terms. In that
sense, Lemma 3.1 is new and is particularly well suited to analyze the discretization (2.2).

3.2. Bregman and KL: Relative Convexity. Our next main result in this section introduces
a new notion of convexity for the KL divergence with respect to the Bregman divergence
BG(·|·). The proof is deferred to Section B in the Supplement [26].

LEMMA 3.2 (Bregman and KL: relative convexity). Consider the reference distribution
e−g where g(·) is λ-strongly convex. Further, let ρ be a probability density such that the
Brenier potential ψρ(·) from e−g to ρ satisfies supy λmax(∇2ψρ(y)) ≤ β, for some β > 0.
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Fix any absolutely continuous probability measure π such that the Brenier potential ψπ from
e−g to π is strictly convex and twice differentiable. We also assume that for any 1≤ i≤ d, it
holds that the map

y 7→ e−g(y)
(
(∂iψ

⋆
ρ)(∇ψπ(y))− yi

)
vanishes as |yi| →∞. Then the following inequality holds:

KL(π|ρ)≥ λ

β
BG(π|ρ) .

REMARK 2. RecallH(ρ) =
∫
ρ(x) logρ(x)dx for ρ ∈ Pac

2 (Rd). The Bregman convexity
in Lemma 3.2 can be rewritten as BH(π|ρ)≥ (λ/β)BG(π|ρ). We believe it introduces a new
notion of convexity for the KL divergence. A crucial feature in our Lemma 3.2 is that we do
not require strong log-concavity on either π or ρ; we merely assume its Brenier potentials
ψρ,ψπ to be strongly convex, a much milder assumption.

The two most popular existing notions of convexity, namely geodesic convexity (see [2,
Chapter 9], [53]) which says KL(π|ρ)≥ (γ/2)W 2

2 (π,ρ) and generalized geodesic convexity
(see [2, Chapter 11], [65]) which says KL(π|ρ) ≥ (γ/2)

∫
∥∇ϕ∗ρ(y)−∇ϕ∗π(y)∥2e−g(y) dy,

both require − logρ to be γ-strongly convex. However, since we apply Lemma 3.2 with
ρ = ρk, such strong log-concavity is not available to us even if ψk and ψ∗

k are uniformly
strongly convex.

Finally, we note that the strong convexity assumption of g(·) in Lemma 3.2 can be replaced
by the assumption Dg(y1|y2)≥ λDϕ∗

ρ
(y2|y1) . This is evident from the proof of Lemma 3.2.

Such assumptions directly on divergences instead of metrics are common in the mirror de-
scent literature; see e.g., [22, Definition 10.2.8]. However, for ease of presentation, we stick
with the usual notion of strong convexity on g.

4. Regret and Convergence Analysis. In this section, we will discuss regret bounds
and convergence rates for ρk (see (2.3)) as a function of the total number of iterations T .

4.1. Average Iterate Convergence. We start by deriving a result that holds under very
weak assumptions and allows for large, constant step-sizes. We prove the KL distance be-
tween a weighted mixture of {ρk}’s and e−f converges to 0, at a O(T−1) rate. The proof is
deferred to Section C of the Supplement [26].

THEOREM 4.1. Suppose {ψk}Tk=0 are generated according to the discretization (2.2).
Then

E
Y∼e−g

[ψk+1(Y )−ψk(Y )] =−ηkKL
(
ρk|e−f

)
.(4.1)

Next define ST :=
∑T−1

k=0 ηk and the mixture distribution ρ̄T :=
∑T−1

k=0
ηk
ST
ρk. We then have:

KL(ρ̄T |e−f )≤ S−1
T E

Y∼e−g
[ψ0(Y )−ψT (Y )] .

REMARK 3. Suppose we use time-invariant step-sizes, i.e., ηk = η for some η > 0. Then
Theorem 4.1 implies

KL(ρ̄T |e−f )≤
1

ηT
E

Y∼e−g
[ψ0(Y )−ψT (Y )] ,

thereby yielding a O(1/T ) rate of convergence for ρ̄T to e−f , if EY∼e−g ψT (Y ) is bounded
in T . Note that Theorem 4.1 does not impose any convexity restrictions on f and g, nor does
it require strong convexity/smoothness of the Brenier potentials ψk. This result, inspired by
the Polyak-average scheme, also allows for large step-sizes.
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While Theorem 4.1 provides convergence of the average iterate ρ̄T to e−f , it is more
natural to use the ρk (for k large) directly to approximate e−f . This is called the last iterate
convergence. In the sequel, we derive last iterate convergence under the additional regularity
assumptions on the Brenier potentials {ψk}k≥0. A main technical tool is a new EVI that will
be used to conduct regret analyses.

4.2. New Evolution Variational Inequality. We now adopt a regret analysis approach
to study the theoretical guarantees of generative modeling with Monge-Ampère PDE. Our
method aligns with the tradition of online learning literature [18, 36, 69] and, in particular, is
inspired by [38], where EVIs were utilized to study regret bounds on the Wasserstein space.
To establish these regret bounds, the primary tool will be the Bregman divergence on the
Wasserstein space introduced in Section 3; specifically, refer to Definition 1.

Recall the Brenier potentials {ψk}k≥0 from (2.2) and the corresponding probability den-
sities {ρk}k≥0 from (2.3). Our first main result in this section presents a new one-step EVI
that will be applied multiple times in deriving our final regret bounds.

LEMMA 4.1. Consider {ψk}Tk=0 generated from discretization (2.2). Assume that mk :=
infy λmin(∇2ψk(y)) > 0, namely, the potentials ψk(·) are mk-strongly convex. Define
ξk(y) :=∇y((f + logρk)(∇ψk(y))). Given any probability density π ∈ Pac

2 (Rd), let πk de-
note the probability density function of (∇ψ∗

k)#π. In this setting, the following inequality
holds:

KL(ρk|e−f )−KL(π|e−f )

≤ 1

ηk
(BG(π|ρk)−BG(π|ρk+1)) +

1

2

ηk
mk+1

∫
∥ξk(y)∥2πk(y)dy−KL(π|ρk) .

PROOF. By a direct computation coupled with (2.2), we have:

KL(ρk|e−f )−KL(π|e−f )

=

∫
(f + logρk)(x)(ρk − π)(x)dx−KL(π|ρk)

=− 1

ηk

∫
(ψk+1 −ψk)(y)e−g(y)dy+

1

ηk

∫
(ψk+1 −ψk)(y)πk(y)dy−KL(π|ρk) .

By using Lemma 3.1 with π, ρ1 = ρk, and ρ2 = ρk+1, we note that:∫
(ψk+1 −ψk)(y)(πk − e−g)(y)dy =BG(π|ρk)−BG(π|ρk+1) +BGπ

(πk|πk+1) ,(4.2)

where Gπ(·) = (1/2)W 2
2 (·, π). As a result,

KL(ρk|e−f )−KL(π|e−f )

=
1

ηk
[BG(π|ρk)−BG(π|ρk+1) +BGπ

(πk|πk+1)]−KL(π|ρk) .

By Lemma B.2 in the Supplement [26], we further have

BGπ
(πk|πk+1)≤

1

2
sup
x
λmax(∇2ψ∗

k+1(x))

∫
∥∇ψk+1(y)−∇ψk(y)∥2 πk(y)dy

=
η2k
2

(
inf
y
λmin(∇2ψk+1(y))

)−1 ∫
∥ξk(y)∥2πk(y)dy

≤
η2k

2mk+1

∫
∥ξk(y)∥2πk(y)dy ,
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where the equality in the second display uses Proposition A.2 in the Supplement [26] and
(2.2). By combining the above displays, we have the following:

KL(ρk|e−f )−KL(π|e−f )

≤ 1

ηk
(BG(π|ρk)−BG(π|ρk+1)) +

1

2

ηk
mk+1

∫
∥ξk(y)∥2πk(y)dy−KL(π|ρk) .

This completes the proof.

We note that EVIs are popular in the PDE literature and have been used in statistics to address
questions on optimization and sampling; see [28, 38, 65]. To the best of our knowledge, none
of these results cover EVIs with Bregman divergence over the space of probability measures.

4.3. Regret Bounds and Last Iterate Convergence. We now apply Lemma 4.1 to obtain
different regret bounds. The proofs are deferred to Section C of the Supplement [26]. We
present these bounds in progressive order by imposing slightly stronger regularity conditions
on the reference distribution e−g and the Brenier potentials {ψk}k≥0. With more regularity
conditions, the regret bounds will be stronger.

Our first result provides a O(
√
T )-regret bound that requires only a uniform lower bound

on the convexity of the Brenier potentials {ψk}k≥0.

THEOREM 4.2. Recall the notation from Lemma 4.1. Suppose mk ≥m and∫
∥ξk(y)∥2πk(y)dy ≤ A for all k = 0,1, . . . , T + 1, and some m,A > 0. Then by choosing

ηk = T−1/2 for all k = 0,1, . . . , T , we get:
T∑
k=0

(
KL(ρk|e−f )−KL(π|e−f )

)
≤
√
T

(
BG(π|ρ0) +

A

2m

)
.

While Theorem 4.2 shows that O(
√
T )-regret is attainable with time-invariant step-sizes,

it is natural to ask if the regret can be improved under stronger conditions. To wit, we note
that Theorem 4.2 only requires (i) uniform strong convexity of the potentials {ψk} across
iterations k = 0,1,2, . . . , T , and (ii) uniform boundedness of the vector fields {ξk} in the
L2(πk) norm. So far, we have not imposed any smoothness conditions on the {ψk}k≥0. In
the following result, we show that under additional smoothness conditions on {ψk}k≥0 and a
strong log-concavity assumption on the reference e−g , logarithmic regret bound is attainable
under a carefully chosen sequence of time-varying step-sizes.

THEOREM 4.3. Recall the notation from Lemma 4.1. Given a probability density π ∈
Pac
2 (Rd), let ψπ denote a Brenier potential from e−g to π. Also suppose supy λmax(∇2ψk(y))≤

Mk, for some Mk > 0 (i.e., the potentials ψk are Mk-smooth) and the map

y 7→ e−g(y)((∂iψ
∗
k)(∇ψπ(y))− yi)

vanishes as |yi| → ∞, for all k = 0,1, . . . , T . Finally, let e−g be a strongly log-concave
distribution where g(·) is λ-strongly convex.

(i) Define the following:

Sk+1 := λ

k∑
i=0

1

Mi
and ηk := S−1

k+1.

Then we have
T∑
k=0

(KL(ρk|e−f )−KL(π|e−f ))≤
1

2

T∑
k=0

1

mk+1Sk+1

∫
∥ξk(y)∥2πk(y)dy .
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(ii) Now suppose that Mk ≤ M , mk ≥ m, and
∫
∥ξk(y)∥2πk(y)dy ≤ A for all k =

0,1, . . . , T , and some m,M ∈ (0,∞). Then by choosing η−1
k := (k+ 1)λ/M , we have:

T∑
k=0

(
KL(ρk|e−f )−KL(π|e−f )

)
≤ 1

2

AM

λm
(1 + log (T + 1)) .

We emphasize that our O(logT )-regret bound does not assume that the target distribu-
tion e−f is strongly log-concave or that it satisfies log-Sobolev or Poincaré type inequalities.
Instead, the time-independent constant in our bound depends on the ratio of the uniform
smoothness parameter M and the uniform strong convexity parameter m on Brenier’s poten-
tial ψ. This ratio M/m can be viewed as an analog of the condition number (see [57, 81])
in the absence of any functional inequality assumptions on the target e−f . Again, here we
merely require strong convexity/smoothness of the Brenier potential ψ, which is known to
be convex as a premise even for non-log-concave target distributions e−f . Therefore, our as-
sumptions are much weaker than log-concavity of e−f . While it may be possible to improve
the condition number dependence to

√
M/m by proposing an accelerated version of (2.2),

we leave that for future research.

REMARK 4. Note that the step-sizes chosen in Theorems 4.2 and 4.3 are fundamentally
different. While the former uses time-invariant step-sizes, the latter involves time-decaying
ones. Therefore, it is instructive to understand the average regret bounds in terms of the
effective time ST =

∑T−1
k=0 ηk (defined earlier in Theorem 4.1). For Theorem 4.2, ST =

√
T

and the average regret

1

T

T∑
k=0

(
KL(ρk|e−f )−KL(π|e−f )

)
=O(T−1/2) =O(S−1

T ).

So the average regret in this case decays polynomially. On the other hand, for Theorem 4.3,
ST ≈ logT and the average regret

1

T

T∑
k=0

(
KL(ρk|e−f )−KL(π|e−f )

)
=O(T−1 logT ) =O(ST e

−ST ).

Therefore, in contrast to Theorem 4.2, the average regret in this case decays nearly at an
exponential rate in terms of the effective time.

REMARK 5. In [39, Theorem 2], the authors obtain a O(
√
T )-regret bound (similar to

our Theorem 4.2) for a different mirror-descent-like algorithm, where the mirror map is also
a certain KL divergence functional. Unlike us, they impose a uniform logarithmic Sobolev
inequality type assumption on the KL divergence functional, which makes their approach
very different from ours. The same mirror-descent algorithm was also studied in [5], where
the authors assume a stronger version of Lemma 3.2 (both an upper and lower bound). How-
ever, the authors do not establish sufficient conditions as we do in Lemma 3.2. These papers
use fixed step-sizes and do not recover logarithmic regret bounds like our Theorem 4.3.

The final result in this section establishes the rate of convergence of the last iteration ρT
to e−f in terms of the Bregman divergence BG, under the same assumptions that lead to
logarithmic regret in Theorem 4.3. The choice of step-sizes {ηk} is, however, different in the
two cases.
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THEOREM 4.4. Consider the same assumptions as in Theorem 4.3, part (ii).
(i) The update from ρk to ρk+1 satisfies the following asymptotic contraction:

limsup
ηk→0

1

ηk

BG(e
−f |ρk+1)−BG(e−f |ρk)

BG(e−f |ρk)
≤− λ

M
.

(ii) By choosing ηk = (CMBG(e
−f |ρ0) logT )/(λT ),∀k ≤ T with C > 0, the following

holds for all large enough T > 0:

BG(e
−f |ρT )≤

(
1

TCBG(e−f |ρ0)
+
CM2A

2λ2m

logT

T

)
BG(e

−f |ρ0).

The first part of Theorem 4.4 demonstrates an “asymptotic contraction” of the sequence
of probability measures {ρk}; that is, if ηk→ 0, then

BG(e
−f |ρk+1)≤ (1− ηk · λ/M + o(ηk))BG(e

−f |ρk).

This implies that the local contraction rate of ρk is governed by the strong convexity param-
eter of g and the smoothness of the potentials {ψk}Tk=0. Naturally, if the strong convexity
parameter of g, specifically λ, is small, or if the smoothness parameter M of the {ψk}s is
large, the rate of asymptotic contraction slows down.

The second part concerns the last iterate convergence of rate O(T−1 logT ). It presents a
non-asymptotic convergence rate of ρT to e−f under the Bregman divergence BG(e−f |ρT ).
When BG(e−f |ρ0) > 0, it indicates a nearly O(T−1) rate up to logarithmic factors, as the
first term in the bound can be made arbitrarily small by selecting C large enough. Note that
this bound also captures the fact that if ρ0 and e−f are close, then so are ρT and e−f .

5. Applications.

5.1. Generative Modeling and Neural-PDE. In this section, we demonstrate how the dis-
cretized parabolic Monge-Ampère PDE (2.2) can be used to design new generative modeling
algorithms, that is, learning to sample from a target measure µ with density e−f := dµ/dx.
It turns out our discretized parabolic Monge-Ampère PDE integrates well with techniques
established in current generative modeling literature: (i) learning density-ratio through lo-
gistic regression as in GANs [34]; (ii) learning the score function via score matching as
in DPMs [42, 71]. Additionally, our discretized parabolic Monge-Ampère PDE can be im-
plemented as a neural PDE using a residual neural network architecture [40] with standard
auto-differentiation libraries.

Recall the discretized Monge-Ampère PDE (2.2); one crucial step for implementation is
to learn

(i) the log density-ratio function hk(x) := log
(
ρk(x)/e

−f(x)), or
(ii) its derivative, namely the score functions mk(x) :=∇ log

(
ρk(x)/e

−f(x)),

given data X ∼ e−f and X̃ ∼ ρk drawn i.i.d. from the target distribution and the simulated
distribution respectively.

The following two propositions directly address how to estimate each term, with the first
taken from [35, Proposition 1], and the second from [42, Theorem 1]. We shall design new
generative modeling algorithms with neural networks based on these two propositions, in-
spired by the discretized parabolic Monge-Ampère PDE.

Neural-PDE via Logistic Regression.
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PROPOSITION 5.1 (Log density-ratio via logistic regression). Let ρ,π ∈ Pac
2 (Rd) and

consider the following data-generating process (X,L) ∼ γ: first, sample labels L = 0 or 1
with equal probability, and then generate data given the label as X|L= 0∼ π and X|L=
1∼ ρ. With the data (X,L)∼ γ, define the logistic loss functional

L(h) := E
(X,L)∼γ

[
L log

(
1 + e−h(X)

)
+ (1−L) log

(
1 + eh(X)

)]
.

Assume (ρ+ π)(x) > 0,∀x ∈ Rd, then the unique minimizer h∗ : Rd→ R of L(h) satisfies
h∗(x) = log(ρ(x)/π(x)).

Proposition 5.1 provides a procedure to estimate the log-density-ratio: given i.i.d.
data X1, · · · ,Xn ∼ e−f and X̃1, · · · , X̃n ∼ ρk = (∇ψk)#e−g , augment to labeled data
{(Xi,Li = 0)}ni=1 ∪ {(X̃i, L̃i = 1)}ni=1 and denote its empirical distribution as γ̂k; specify a
neural network h(·;θ) :Rd→R parametrized by θ and solve

ĥk(·) := h(·; θ̂) ,where θ̂ ∈ argmin
θ

E
(X,L)∼γ̂k

[
L log

(
1 + e−h(X;θ)

)
+ (1−L) log

(
1 + eh(X;θ)

)]
.

(5.1)

The minimizer ĥk approximates hk, the true log density-ratio function.
In practice, one can implement ĥk(·) with neural networks. This motivates a new gener-

ative modeling algorithm by iteratively refining the Brenier potential ψk with a new neural
network ĥk, coupled with auto-differentiation, composition, and residual connections; See
Algorithm 1 below for details.

Neural-PDE via Score Matching.

PROPOSITION 5.2 (Score matching via Fisher divergence). Consider ρ ∈ Pac
2 (Rd) and

the corresponding data score function ∇ logρ. Let x ∈Rd and σi(x) denote the i-th compo-
nent of a vector-valued function. Consider the Fisher divergence functional J (σ)

J (σ) := 1

2
E

X∼ρ
[∥∇ logρ(X)−σ(X)∥2] .

Assume σ is differentiable and that, ∀i, ρ(x)σi(x)→ 0 as |xi| →∞. Then

J (σ) = E
X∼ρ

[
d∑
i=1

∂iσi(X) +
1

2
σi(X)2

]
+ const .

Proposition 5.2 also sets forth the following procedure to estimate the score functions:
given i.i.d. X̃1, · · · , X̃n ∼ ρk = (∇ψk)#e−g , denote its empirical distribution ρ̂k, specify a
neural network σ(·;ω) :Rd→Rd parametrized by ω and solve

σ̂k(·) := σ(·; ω̂) ,where ω̂ ∈ argmin
ω

E
X∼ρ̂k

[
d∑
i=1

∂iσi(X;ω) +
1

2
σi(X;ω)2

]
.(5.2)
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Algorithm 1: Monge-Ampère Neural-PDE via Logistic
Regression

Input : T , total number of steps; {ηk}k≤T , the
step-sizes; initialize a neural network function
ψ0 :Rd→R, and set k = 0.

Output: A neural network function ψT :Rd→R, and
samples from (∇ψT )#e−g .

while k < T do
Sampling step: Given i.i.d. data X1, · · · ,Xn ∼ e−f ,

sample X̃1, · · · , X̃n ∼ ρk = (∇ψk)#e−g , augment
to {(Xi,Li = 0)}ni=1 ∪ {(X̃i, L̃i = 1)}ni=1, and form
its empirical distribution as (X,L)∼ γ̂k;

Learning step: Estimate a neural network
discriminator function ĥk as in (5.1) ;

Neural Network update: Define a new neural
network with the residual architecture shown on the
right ψk+1 =−ηkĥk ◦∇ψk +ψk ;

Set k← k+ 1 ;
end

ĥk

ψk

∇ id

ψk+1 =−ηkĥk ◦∇ψk +ψk

The minimizer σ̂k approximates the score function ∇ logρk; similarly, one can solve for
σ̂ that approximates the data score function ∇ log e−f , and define

m̂k := σ̂k − σ̂ .(5.3)

This motivates a new generative modeling algorithm to refine the Brenier map nk :=∇ψk
by iteratively adding neural network maps m̂k using a residual connection, coupled with
auto-differentiation and composition; we outline in Algorithm 2 below.

REMARK 6 (Parabolic Monge-Ampère discretizations in the literature). A discretization
similar to (2.2) was studied in [73, 74] with a time-invariant step-size sequence. However,
the authors do not establish any convergence bounds. To the best of our knowledge, the
integration of neural learning techniques from generative networks and score matching, as
described in this section, is also novel within the parabolic PDE literature. This approach
is practically useful because it avoids the otherwise cumbersome Hessian computation in
(2.2). Moreover, the use of parabolic PDEs in existing literature is primarily for adaptive
mesh generation (see [72, 14, 13]) to approximate solutions of other differential equations.
In that sense, the connection between parabolic Monge-Ampère and generative modeling is
also new.

5.2. Variational Formulation of Parabolic PDE. We first present a variational objective
that leads to the discretization (2.2). We will then use this variational objective to provide a
new perspective on variational inference and also propose a new closed form iterative scheme
for Gaussian variational inference.

Steepest Descent Interpretation. In Euclidean space, the forward gradient descent can be
viewed as the solution of a minimizing movement scheme involving an objective function
and a regularizer (the squared Euclidean distance). In this section, we show that the forward
discretization (2.2) can also be viewed as the solution of a variational problem that involves
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(i) an objective function, which will be the KL divergence to e−f and (ii) a regularizer which
will be a divergence on the space of probability measures (to be defined below). This is
in sharp contrast to usual Wasserstein gradient flows where the regularizer is the usual 2-
Wasserstein distance. To recast (2.2) as a variational problem, we will define the divergence
on the tangent set Tane−g := {∇ψ : ψ ∈ C∞c } ⊆ L2(e−g) where the closure is taken with
respect to the L2(e−g) norm.

Algorithm 2: Monge-Ampère Neural-PDE via Score
Matching

Input : T , total number of steps; {ηk}k≤T , the
step-sizes; initialize a vector-valued neural
network n0 :Rd→Rd, and set k = 0.

Output: A vector-valued neural network function
nT :Rd→Rd, and samples from (nT )#e

−g .
while k < T do

Sampling step: Obtain i.i.d. samples from
ρk = (nk)#e

−g , form the empirical measure ρ̂k;
Learning step: Estimate a neural network score σ̂k as

in (5.2) and define the corresponding m̂k as in (5.3) ;
Neural Network update: Define a new neural

network with the residual architecture shown on the
right nk+1 =−ηk∇nk · (m̂k ◦nk) +nk , here
∇nk :Rd→ Sd×d+ , and m̂k ◦nk :Rd→Rd and ‘·’
denotes the matrix-vector product ;

Set k← k+ 1 ;
end

m̂k

nk

∇ id

nk+1 =−ηk∇nk · (m̂k ◦nk) +nk

DEFINITION 2 (Linearized Wasserstein divergence). Let ∇ψ1,∇ψ2 ∈ Tane−g such that
∇ψ1 is twice differentiable and strictly convex. Then the linearized Wasserstein divergence

LDW (∇ψ2;∇ψ1) :=

∫
(∇ψ2(y)−∇ψ1(y))

⊤(∇2ψ1(y))
−1(∇ψ2(y)−∇ψ1(y))e

−g(y)dy.

We used the term linearized because without the inverse Hessian term, LDW is ex-
actly the popular linearized optimal transport distance in the literature; see [15, 61, 80].
On the other hand, we call it a divergence because if ∇ψ2 and ∇ψ1 are “close", then
LDW (∇ψ2;∇ψ1) is the second-order approximation for the following expected Bregman
divergence EY∼e−g [ψ∗

2(∇ψ2(Y ))− ψ∗
2(∇ψ1(Y ))− ⟨∇ψ2(Y )−∇ψ1(Y ),∇ψ∗

2(∇ψ1(Y ))⟩]
(see Section 3 for more details on Bregman divergences). As a final step to defining the varia-
tional problem for (2.2), we reparametrize the KL divergence as a functional on Tane−g , i.e.,
define F̃ (∇ψ) :=KL((∇ψ)#e−g|e−f ).

PROPOSITION 5.3. Suppose ∇ψ1 ∈ Tane−g is strictly convex and twice differentiable.
Also, assume that both f and g are twice differentiable and the map

y 7→
d∑
j=1

∫
∂2

∂yi∂yj
ψ∗(∇ψ(y)) ∂

∂yj
Θ(y)e−g(y)dy
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vanishes as |yi| →∞ for all i= 1,2, . . . , d, and all Θ ∈ C∞c . Let

∇ψ̃ ∈ argmin
∇ψ∈L2(e−g)

[
F̃ (∇ψ1) +

〈
δ

δ(∇ψ)
F̃ (∇ψ)

∣∣
∇ψ=∇ψ1

,∇ψ−∇ψ1

〉
e−g

+
1

2τ
LDW (∇ψ;∇ψ1)

]
.

(5.4)

Then any optimizer ∇ψ̃ of the above variational problem satisfies the following stationary
condition:

∇ψ̃(y)−∇ψ1(y) =−τ∇
(
f(∇ψ1(y))− g(y)− log det

(
∇2ψ1(y)

))
We defer the proof of Theorem 5.3 to Section D of the Supplement [26]. Note that the above
variational problem is reminiscent of preconditioned gradient descent [10, 50] and Newton
iterations [6, 17]. However, to the best of our knowledge, the above variational problem is
new in the literature, which makes our parabolic PDE-based approach different from con-
temporary mirror descent schemes on the 2-Wasserstein space, e.g., [5, 39, 44, 48].

Bayesian Variational Inference. Our discretized parabolic PDE (2.2) and the variational
interpretation in Theorem 5.3 can be leveraged to provide an alternate perspective on vari-
ational inference. A common computational challenge in Bayesian Statistics is to compute
integrals with respect to a complicated high-dimensional probability distribution, say our tar-
get e−f . Variational inference [9] has emerged as a computationally viable approximation.
At the core of variational inference is to find

ρ̂V := argmin
ρ∈V

KL(ρ|e−f ),

where V denotes a candidate variational family of distributions. These families are chosen
so that integrals against measures in V are easy to compute. Popular examples of variational
families include:

(i) Gaussian variational inference [27, 45] - Here V is the family of d-dimensional Gaussian
distributions, i.e., V := {N(m,Σ) : m ∈Rd, Σ ∈ Sd×d+ is symmetric positive definite}.

(ii) Mean-field variational inference [43, 78] - Here V is the family of d-dimensional product
measures, i.e., V = {π1 ⊗ . . .⊗ πd : πi is a probability measure on R, 1≤ i≤ d}.

An alternate way of looking at the above variational inference problem is to formulate it in
terms of transport maps from a simple reference distribution e−g , say N(0, λ2Id) for some
λ > 0. So, instead of parameterizing with a family of distributions, we now parameterize with
a family of transport maps. We define

(5.5) ∇ψ̂S := argmin
∇ψ∈S

KL
(
∇ψ#e−g|e−f

)
,

where S ⊆ L2(e−g) is now a variational family of functions. Some natural examples would
include:

(i) Gaussian variational inference - Here

S := {Ay+m : m ∈Rd, A ∈ Sd×d+ is symmetric positive definite}.

(ii) Mean-field variational inference - Here

S := {(S1(y1), . . . , Sd(yd)) : Si :R→R is monotone increasing}.
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The above formulation in (5.5) should immediately remind us of the variational form intro-
duced in Theorem 5.3 as KL(∇ψ#e−g|e−f ) is exactly F̃ (∇ψ) from Theorem 5.3. There-
fore, we can iteratively solve (5.4) over a potentially nonparametric class of vector fields
S ⊆ L2(e−g), i.e.,

∇ψk+1 ∈ argmin
∇ψ∈S

[
F̃ (∇ψk) +

〈
δ

δ(∇ψ)
F̃ (∇ψk),∇ψ−∇ψk

〉
e−g

+
1

2τ
LDW (∇ψ;∇ψk)

]
.

(5.6)

Here the first variation δ
δ(∇ψ) F̃ (∇ψk) is the variation restricted to the class S , i.e., for any

∇Θ ∈ S , ⟨ δ
δ(∇ψ) F̃ (∇ψk),∇Θ⟩e−g = limϵ→0

F̃ (∇ψk+ϵ∇Θ)−F̃ (∇ψk)
ϵ . For parametric classes of

S such as in Gaussian variational inference, one could directly solve (5.6) over the natural
parameters µ and A. In the univariate setting, the new Gaussian variational inference updates
are summarized in Algorithm 3.

Algorithm 3: Gaussian Variational Inference
Input : T , total number of steps; {ηk}k≤T , the step-sizes; e−g , density of

N(0, λ2), λ > 0, initializer (m0, σ0)
Output: Final mean and standard deviation (mT , σT ).
while k < T do

Update variational parameters:

(mk+1, σk+1)←Gηk(mk, σk) where

Gη(t, s) :=

(
t− ηs

λ EY∼N(0,λ2) f
′((s/λ)Y + t))

s− η
λ2 (s2EY∼N(0,λ2) f

′′((s/λ)Y + t)− 1).

)
Set k← k+ 1

end

To heuristically see the validity of Algorithm 3, consider the case ηk ≡ η in which case the
updates can be written as the fixed point iteration (mk+1, σk+1) =Gη(mk, σk) whereGη(·, ·)
is defined in Algorithm 3. Therefore, the limit (mk, σk) as k→∞, say (m,σ) if it exists,
would satisfy (m,σ) =Gη(m,σ). This simplifies to

E
X∼N(m,σ2)

f ′(X) = 0, and E
X∼N(m,σ2)

f ′′(X) = σ−2,

which are exactly the stationary conditions for (m,σ2) arising as a solution of the Gaussian
variational inference problem; see [45, Equation 1.9]. In Section E of the Supplement [26],
we provide a numerical experiment that illustrates the performance of Algorithm 3.

6. Numerical Experiments. In this section, we provide a numerical example to demon-
strate the efficacy of our proposed algorithms toward sampling from a non-log-concave target.
To wit, we will use a Gaussian location mixture as our target distribution

e−f(x) =
1

2
ϕ(x− 2) +

1

2
ϕ(x+ 2),(6.1)

where ϕ(·) is the standard normal density. We initialize ψ0(y) = y2/2 and choose the ref-
erence e−g(y) to be the standard normal density. Note that the optimal transport from the
standard normal to the mixture (6.1) is given by

ψ′
⋆(y) = F−1 ◦Φ(y),(6.2)
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FIG 2. Oracle updates — The first and second plots track the evolution of the gradient and the Hessian, respec-
tively. The third plot compares the learned transport map at the final iterate with the target optimal transport map
from N(0,1) to the Gaussian mixture (6.1). The fourth plot compares the histograms between 10000 samples
from the mixture in (6.1) and 10000 samples from the push-forward measure ∇ψT#N(0,1).
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FIG 3. Same as Figure 2 for oracle updates with distillation.

where Φ(·) is the standard normal cumulative distribution function and F (x) = (1/2)(Φ(x−
2) +Φ(x+ 2)). The discrete updates from (2.2) can now be written as

ψk+1(y) = ψk(y) + ηk∆k(y) ,(6.3)

∆k(y) := log

(
1

2
ϕ(ψ′

k(y)− 2) +
1

2
ϕ(ψ′

k(y) + 2)

)
+

1

2
y2 + log

(
ψ′′
k(y)

)
,

under an appropriately chosen sequence of step-sizes which will be described below. We will
describe our experiments in four steps that highlight the practical challenges in discretization
and our proposed strategies for addressing them.

Oracle computation of (2.2) with batch auto-differentiation. In the first approach, we as-
sume access to the functional form of the target e−f and we update the potentials analytically
from (6.3). All gradients and higher-order derivatives were computed using the automatic
differentiation module available in PyTorch (through the torch.autograd function).
The step-sizes are chosen adaptively as follows:

• We partition the range [−3,3] into 1000 equally spaced parts. Suppose {a1, a2, . . . , a1000}
denotes the boundary points of the partition.

• Suppose that we have constructed up to ψk, we then choose

(6.4) ηk =
1

2
max

{
max

{
−
ψ′′
k(ai)

∆′′
k(ai)

: ∆′′
k(ai)< 0,1≤ i≤ 1000

}
,0.4

}
.

The above choice ensures that the double derivative of ψk+1 is strictly positive at the grid
points. The performance of the oracle procedure is illustrated in Figure 2. There are two
major challenges which arise in the above implementation:

(a) The higher-order derivatives are numerically unstable. This instability accumulates in
the Hessians of the potentials as can be seen in the second panel of Figure 2.
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(b) Computing the gradients and Hessians via backpropagation requires storing the full
computational graph which is memory intensive. In our experiments, we found it hard to go
beyond T = 5 or 6 iterations. While the learned transport map after 5 iterations captures a
bimodal structure, the third and fourth panels of Figure 2 show that it is not reasonably close
to ψ′

⋆ (see (6.2)).

Oracle computation of (2.2) with distillation. To address the numerical instabilities and
memory allocation issues with the oracle computation, we use a distillation step at every
iteration. The distillation decouples the computational graph and regularizes the instabilities.
It proceeds as follows: with the k-th iteration potential ψk, we calculate the update direction
∆k(y) according to (6.3). Then we train a simple student network by minimizing

∆stud
k ∈ argmin

nn(·;θ)

1

M

M∑
j=1

(∆′
k(Zj)− nn′(Zj ;θ))

2,(6.5)

where the above minimization is over nn(·;θ), a three-layer neural network with two hidden

layers each of width 32 with weights θ and Z1, . . . ,ZM
i.i.d.∼ Unif[−3,3], with M = 500. The

above distillation step initializes the student network from a cold start and uses the Adam
optimizer for training. To guarantee smoothness, we choose the softplus activation function
(x 7→ log(1 + ex)) for the student network. We then update ψk+1 = ψk+ηk∆

stud
k with adap-

tive step-sizes from (6.4). This process is repeated recursively. It ensures that the gradients
and Hessians of ψk are stable. It also avoids the need to store a large computational graph
(growing exponentially with number of iterations), hence overcoming the memory allocation
issues. This allows us to run more iterations T = 10 with much less computational time. The
performance of this procedure is presented in Figure 3. In contrast to Figure 2, the gradients
and Hessians in Figure 3 are much more stable. Within 10 iterations, we observe very close
agreement between ψ′

k and ψ′
⋆ in the third and fourth panels of Figure 3.

Algorithm 2 with distillation. Both of the above approaches rely on the knowledge of
the functional form of the target e−f . In practice, we only have access to samples, say
X1, . . . ,Xn

i.i.d.∼ e−f . In such a scenario, let us first discuss the performance of Algorithm 2
with n= 10000. In (5.2), we use a two hidden-layer neural network of width 32, and the soft-
plus activation function, to optimize the score-matching objective. We use the same adaptive
step-sizes as in (6.4) and distillation approach similar to (6.5). Figure 4 shows that the iter-
ates are much more stable than the analytic oracle updates. After 10 iterations, the learned
transport map ψ′

k is close to the optimal map ψ′
⋆ in the interval [−3,3], beyond which the

approximation deteriorates slightly (particularly for |y| > 3). A potential reason for this is
that the score matching approach tries to learn the score for the target (6.1) and the current
iterate distribution ρk = (ψ′

k)#N(0,1) separately, without leveraging the fact that the two
scores are likely to be closer as the number of iterates increases. This limitation is overcome
by our next approach.

Algorithm 1 with distillation. Let us now discuss the performance of Algorithm 1. In (5.1),
we again use a two-hidden-layer neural network of width 32, and the softplus activation func-
tion, to optimize the logistic loss. We use the same adaptive step-sizes as in (6.4) and distilla-
tion approach as in (6.5). This time the distillation learns an estimate of the log density-ratio
via a simple student network, say ∆stud

k . Figure 5 shows that the iterates (their gradients as
well as hessians) are stable. After 10 iterations, the learned transport map ψ′

k nicely approx-
imates the true optimal map ψ′

⋆, better than in the previous score matching based approach,
particularly outside [−3,3]. We believe this is because Algorithm 1 learns the logarithm of
the density ratio between the current distribution ρk = (ψ′

k)#N(0,1) and the target (6.1)
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FIG 4. Same as Figure 2 for score matching based Algorithm 2 with distillation.
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FIG 5. Same as Figure 2 for logistic regression based Algorithm 1 with distillation.

directly (unlike in Algorithm 2 where the score functions are learned separately). Since this
log density-ratio gets closer to 0 as the number of iterations grows, it can be approximated
accurately using a simple neural network.

REMARK 7 (Effect of distillation). Let us consider our approach based on logistic
regression. Note that the distillation step attempts to approximate the log density-ratio
f+logρk with a simpler student network, say ∆stud

k . This approximation error can be trans-
ferred easily to our current regret bounds. In particular, if∫

(f + logρk −∆stud
k )(x)(ρk − e−f )(x)dx=O(ηk),

where ηk denotes the step-size, then all our regret bounds and last iterate convergence bounds
continue to hold after adjusting for constants. In Section E of the Supplement [26], we discuss
another method to avoid long backpropagation chains that do not require distillation.

REMARK 8 (On termination criteria). A practical question is how to determine when
to terminate the proposed algorithms. One natural strategy is to assess whether the push
forward samples∇ψk(Yi), where Yi ∼N (0, I) (for instance), are statistically indistinguish-
able from samples drawn from the target distribution. This can be done by performing a
two-sample hypothesis test (for example, an energy [75] or kernel-based test [37]) at a pre-
scribed significance level α. Alternatively, one may compute a discrepancy measure such as
the maximum mean discrepancy (see [37, Equation 3]) between the generated and target
samples, and monitor its decay across iterations. The iteration can then be stopped once
the maximum mean discrepancy falls below a user-defined tolerance, providing a simple and
data-driven convergence criterion.

Discussion and Future work. In this paper, we have introduced a new generative mod-
eling framework which draws a novel connection between a parabolic PDE ((2.1)) and prob-
abilistic sampling. We have proposed a time discretization for (2.1) and established different
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regimes of convergence rates to the target distribution, depending on smoothness assump-
tions and appropriate step-size choices. Our theoretical results include bounds on average
iterate (see Theorem 4.1), average regret (see Theorems 4.2 and 4.3) and last iterate (see
Theorem 4.4). In addition, we show how the discretization integrates nicely with neural net-
work based learning techniques from generative networks and score-based diffusion models
(see Section 5.1). Finally, we illustrate how the proposal naturally yields a new family of
variational inference algorithms. Overall, our proposal combines the ease of one-pass sam-
pling typically associated with GANs (generative adversarial networks) alongside the ease of
distribution learning associated with DPMs (diffusion-based probabilistic models).

While our paper is an early theoretical step towards bridging the gap between parabolic
PDE discretization and sampling, a number of interesting theoretical and practical questions
remain open. A few of them are discussed below.

1. Sample complexity bounds: Given dataX1, . . . ,Xn
i.i.d.∼ e−f , suppose the initial distribu-

tion ρ0 is chosen to be the empirical measure n−1
∑n

i=1 δXi
. A natural question would be

to establish a sample complexity bound, i.e., given an ϵ > 0, one must find n≡ n(ϵ, e−f ),
T ≡ T (ϵ, e−f ), and appropriate step-sizes {ηk}Tk=0 such that KL(ρT |e−f )≤ ϵ.

2. Structural estimation in high dimension: Empirically it is often observed that struc-
tural assumptions on e−f can lead to faster convergence of generative models, particu-
larly when the dimension d is large. It would be theoretically challenging and practically
useful to establish such results for our proposed parabolic Monge-Ampère discretization.
Two natural structures one can impose are: (a) Low intrinsic dimension — Here the target
distribution is supported on some low-dimensional manifold. While this means the target
does not admit a Lebesgue density, we note that Algorithm 1 from Section 5.1 does not
require the existence of a density, and (b) Markov random field: Here the target has a den-
sity e−f but the (conditional) dependence structure is governed by an underlying sparse
graph. A canonical example would be a standard Markov chain.

3. Optimal transport map estimation: There has been extensive research in recent years to-
wards constructing computationally tractable estimators of optimal transport maps. While
the Sinkhorn algorithm shows tremendous potential, establishing statistical convergence
rates for a Sinkhorn-based estimator, under smoothness/structural conditions, remains
open. Since the parabolic PDE targets the optimal transport map from e−g to e−f , our
proposed discretizations yield an estimator (say ∇ψ̂T ) of this optimal transport map. It
would be interesting to explore whether one can establish sample complexity bounds un-
der the popular metric ∥∇ψ̂T −∇ψ∞∥L2(e−g), and show that it offers fast convergence
under structural/smoothness assumptions on e−f .

4. Empirical validation on high-resolution image data: Diffusion based generative models
are popularly used to generate high-resolution images. It would be interesting to explore
empirically how well our proposed algorithms perform in such image generation exper-
iments. There are interesting practical challenges that arise while working with images,
such as (a) potential violation of smoothness assumptions required for Theorems 4.2, 4.3,
and 4.4, (b) designing structured neural networks that exploit potential low-dimensional
nature of images, and (c) tuning the step-size sequence adaptively.
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SUPPLEMENTARY MATERIAL

Supplement to “No-Regret Generative Modeling via Parabolic Monge-Ampère PDE"
In the Supplementary file [26], we provide proof of all results in this paper, certain important
auxiliary results, and a numerical experiment.
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